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Abstract

The study of Magnetohydrodynamics (MHD) for plasma systems circulat-
ing in tokamaks is crucial for improving and developing more efficient and
functional nuclear fusion reactors, advancing in the research of a new clean
and sustainable source of energy. Nonetheless, MHD simulations must be
provided with an initial configuration of the plasma, frequently based on the
equilibrium state.

The Grad-Shafranov equation models the equilibrium balancing the plasma
pressure and the magnetic confinement in a nuclear reactor for an axisym-
metrical plasma system, yielding as a result the poloidal magnetic flux field
used notably to visualise the shape of the magnetically confined plasma cross-
section. Following guidelines from [I] and [2], EQUILI has been developed as
a new independent and functional module inside the high performance com-
puting (HPC) multiphysics Finite Elements (FE) code ALYA [3]. EQUILI
solves for a given tokamak geometry the Grad-Shafranov equation using an
iterative CutFEM solver.

CutFEM is part of a branch of FE methods characterised by an unfitted
computational mesh, where geometries and domains are embedded and in-
terfaces are parametrised using level-set functions. This particular method is
adapted for problems where interfaces are affected by large deformations and
resizing, thus making it well-suited to address magnetically confined plasma
equilibrium problems.

While the tokamak’s confining magnets’ currents and positions can be indi-
vidually adjusted to accommodate a variety of plasma pressure and current
profiles in terms of plasma positioning and shaping, the current carried by
the plasma depends directly on its cross-section shape, which at the same
time is affected by the plasma current self-induced magnetic field. Due to
this coupling, the problem needs to be solved using an iterative solver and
having the plasma shape not fixed and free (free-boundary problem) to evolve
towards the equilibrium configuration, while being constraint by its own cir-
culating current. Therefore, the flexible and deformable nature of the plasma
cross-section demands in fact the implementation of a FE method that can
deal with this plasticity and must be able to easily track such changes in the
plasma/vacuum interface geometry.

The module was validated against several ITER equilibrium formulations
and a rigorous sensibility test was performed considering variations in the
poloidal field coils’ currents conforming the axisymmetrical nuclear fusion
reactor.

Key words: Plasma Equilirium, Grad-Shafranov equations, Alya
Framework, CutFem .
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1. Introduction

1.1 Motivation and background

"l would like nuclear fusion to become a practical power source. It
would provide an inexhaustible supply of energy, without pollution
or global warming.”

— Stephen Hawkins

As the world faces mounting challenges in meeting energy demands while
mitigating climate change, the pursuit of viable alternative energy sources be-
comes increasingly crucial. Among these alternatives, Nuclear Fusion stands
out as a promising avenue with the potential to revolutionize global energy
production.

It has already been decades since the scientists of the 20th century the-
orized and observed nuclear fusion for the first time inside of stars across
the Cosmos. Numerous models and experiments and relentless work from
our ancestors have led us today to know that stellar bodies in our galaxy
are in fact the forges in which almost all elements in the periodic chart,
which we find today on the surface and depths of our planet, have originated
throughout multiple processes of nuclear fusion. During the reaction, two or
more atomic nuclei combine to form one or more dileérent atomic nuclei and
subatomic particles (neutrons or protons). The dil@érence in mass between
reactants and products, arising due to the dilérence in nuclear energy bind-
ing, is manifested as an absorption or release of energy. Hence, it is only
natural to picture stars, which are massive bodies of hot plasma, as celestial
factories where heavy elements are produced from lighter ones. Once all light
elements are consumed and nuclear reactions are not energetically favorable
and suldient to ensure the stability of the system, the star collapses in itself
under the gravity force of its own mass, its future determined dramatically
by its own weight. In the case of stellar explosion, such as a supernova,
the star’s debris are scattered through space, reaching out to other celestial
bodies such as our own for instance, and enrich the soil of our planet. In a
somehow intriguing and poetic way, our destiny and existence is surely linked
to stars, and that is why one can often listen to the saying: "We are merely
stars’ dust".

Hence, it seems that since the very beginning the first scientists who
thought of harvesting the energy produced in nuclear fusion reactions already
knew the inevitable path they would need to hike: the project of exploiting
nuclear fusion is not only an ambitious scientific endeavor, with complicated



fundamental physics and violent reactions at its core, but also an engineering
marvel that shall seek to replicate the processes occurring within stars, but
on a much smaller and controlled scale here on Earth.

The concept is as audacious as it is inspiring: to create a miniature star, a
self-sustaining fusion reaction, within the confines of a reactor. This endeavor
requires unparalleled ingenuity and precision, as it involves recreating the
extreme conditions found in the core of stars: temperatures reaching millions
of degrees Celsius and pressures so intense that compel atomic nuclei to
merge.

Nonetheless, the hardest paths often lead to invaluable rewards, which in
this case stands by a vision of a world powered by clean, virtually limitless en-
ergy. In fact, nuclear fusion olérs several key advantages over existing energy
sources. Unlike fossil fuels, fusion reactions produce virtually no greenhouse
gas emissions, making it inherently cleaner and safer in the short run. On the
other hand, unlike nuclear fission, which powers today’s reactors by splitting
heavy atomic nuclei and produces long-lived radioactive waste, nuclear fusion
promises an energy source that generates much less harmful and uncontrol-
lable radioactive waste. Such debris include basically material activated by
the continuous exposure to nuclear fusion conditions and short-life (decade)
radioactive products. Furthermore, a nuclear fusion reactor uses naturally
abundant fuel sources, primarily isotopes of hydrogen such as deuterium and
tritium, ensuring long-term energy security. All in all, the byproducts of
fusion are far less hazardous, and the fuel sources are more evenly distrib-
uted around the planet, reducing geopolitical tensions over energy supplies.
By providing a virtually limitless, carbon-free energy source, fusion has the
potential to significantly reduce dependence on fossil fuels, mitigate climate
change, and enhance energy access and security worldwide. Moreover, fusion
reactors are inherently safe, as the fusion process is self-limiting and can-
not result in a runaway reaction or meltdown. This would prevent nuclear
disasters such as the old Chernobyl or the more recent Fukushima accidents.

Therefore, it seems unreasonable to ignore what Humanity stands to gain
from the prospects of successfully developing a sustainable nuclear fusion re-
actor. That is why researchers worldwide are actively engaged in developing
the necessary technologies to initiate and sustain controlled fusion reactions,
overcoming hurdles such as plasma confinement, energy containment, and
reactor materials. Advancements in fields such as superconducting magnets,
plasma physics, and materials science are driving progress toward viable fu-
sion power systems. Reproducing a small scale star on our planet will for sure
demand the highest and most accurate of both theoretical and engineering
judgement.

Numerous experimental fusion reactors have been built over the past dec-
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ades (JET [4], Wendelstein 7-X[[5], LHDI[6]), researching and testing new
technologies and methods and pulling forward the nuclear fusion field. In the
future years to come, projects like the International Thermonuclear Experi-
mental Reactor (ITER) [7] in France, SPARC (Smallest Possible ARC) [8] in
USA or Demonstration Power Plant (DEMO) [9] represent global eldrts to
bring fusion energy to reality. Collaborations between nations and the pool-
ing of scientific knowledge and resources are testament to the significance
of this endeavor. If successful, these projects could pave the way for future
commercial fusion power plants.

Finally, similarly to all research fields nowadays, the importance of numer-
ical methods and supercomputing resources cannot be overstated and shall
walk side by side altogether with experimental results in the quest to achieve
viable nuclear fusion. Each experimental fusion reactor represents millions if
not billions of dollars invested, and therefore the design, parameters, toler-
ances... absolutely everything shall be tested and modelled beforehand using
virtually cheap numerical simulations. In fact simulating a whole nuclear
fusion reactor would mean coupling several complex modules accounting for
all the dilérent physics occurring inside the machine. The dilérent plasma
heating mechanisms, such as lon Cyclotron Ressonance Heating (ICRH) or
Neutral Beam Injection (NBI), the interaction between the plasma and the
reactor’'s vacuum chamber wall, the superconducting magnets... all the in-
gredients must be taken into account when it comes to develop such a ma-
chine.

As far as plasma physics are concerned, developing an accurate and el
cient Magnetohydrodynamic (MHD) simulation code represents the corner-
stone around which numerical nuclear fusion research groups must orbit.
Based on some assumptions simplifying the plasma equations, the plasmas
are described using the Maxwell electromagnetic equation and the Navier-
Stokes fluid equations from continuity, moment and energy. Quasi neutrality
considerations are also adopted [10, |11,112]. Solving the physics in those
equations, MHD codes allow scientists to model the dynamics of hot plasma
within reactors, predicting instabilities, turbulence, and other phenomena
that could disrupt the fusion process. By providing detailed insights into
these challenges, numerical methods help refine reactor designs, optimize
operational parameters, and ultimately guide the engineering behind the de-
velopment of more eldient and stable fusion reactors. As these projects keep
moving forward, the role of computational research will only grow in signi-
ficance, ensuring that the theoretical groundwork supports the engineering
development of nuclear fusion energy reactors.

Aligned with this strategy, at the Barcelona Supercomputing Center
(BSC) - Centro Nacional de Supercomputacioén - the Nuclear Fusion research
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group from the Computer Applications in Science and Engineering (CASE)
department works diligently towards the development of a master numerical
research tool: a nuclear fusion reactor Digital Twin, built in the supercom-
puter hosted at BSC, the european-funded Marenostrum V. Such immense
project represents the implementation and coupling of a large number of inde-
pendent modules simulating in perfect harmony all the physical phenomena
and mechanical processes taking place in a real fusion reactor. Even though
this may seem overwhelming, the invaluable results which will come if the
project is successful surely eclipse the dildulty of the task.

As mentioned earlier, at the core of such numerical entity stands an MHD
code, simulating the dynamics of the plasma system, and around which the
dilérent reactor’s functionalities are implemented in the form of multiple
modules. All modules shall be constructed upon the high performance com-
puting (HPC) multiphysics Finite Elements (FE) code ALYA [3], built in
Marenostrum. ALYA can solve problems spanning across several fields of
physics and defined in domains with arbitrary geometries and boundary con-
ditions, and olérs the optimal benchmark for the construction of a Digital
Twin based on FE.

Hence, with such ultimate goal in mind, the necessary modules com-
plementary to the MHD code are planned and developed in advance. In
fact, accurate equilibrium calculations are essential for determining the ini-
tial magnetic configuration upon which the plasma dynamics will be studied
and underpins all plasma simulations, particularly for integrated modeling
eldrts [1][2]. Such methodology demands therefore the previous development
of a module computing that equilibrium configuration in fusion reactors, and
that is precisely the founding reason which originated the Master’'s degree
thesis presented in this document.

This work introduces the implementation of a hew module in ALYA:
EQUILI. EQUILI solves the Grad-Shafranov equation([13, 14] which models
the equilibrium balancing the plasma pressure and the magnetic confinement
in a nuclear reactor for an axisymmetrical plasma system and yielding as a
result the poloidal magnetic flux field used notably to visualise the shape
of the magnetically confined plasma cross-section.

1.2 State of the art

In magnetic confinement fusion, a magnetic field is used to confine a plasma
in the toroidal vacuum vessel of a reactor, that can be a tokamak’]15] or a
stellarator|1€]. The magnetic field is produced by external coils surrounding
the vacuum vessel and also by a current circulating in the plasma itself. The



Figure 1.1: Geometrical parameters, magnetic surfaces structure, and total
magnetic eld pro le, [L7]

resulting magnetic eld takes a complex distribution, shaping and con ning
the plasma inside the nuclear fusion reactor.

The initial state of all the MHD and/or and transport fusion codes are
based on the plasma equilibrium, solved over a particular domain related
to the fusion devices simulated by the algorithm. Starting with a gen-
eral equilibrium, the MHD description allows us to follow the behaviours
of heating plasma and the interaction of it with the contention structure [1].
The equilibrium in an axisymmetric tokamak is computed for the reactor's
cross-section, in a simpli ed 2D geometry. Figure 1.1 presents a scheme for
a tokamak's vacuum vessel, with visible cross-section cuts, where electron
temperature (on the left poloidal cross-section of the toroid) and magnetic
eld (on the right poloidal cross-section of the toroid) pro les are displayed.
Several magnitudes characterising the vacuum vessel's geometry are shown,
such asRg, a-major and minor radii- Keiong €longation, , poloidal and
azimuthal angles, and (0) the shift of magnetic axis with respect to the
vessel's toroidal axis (Shafranov shift).

The equilibrium is obtained by solving the nonlinear 2D Grad-Shafranov
partial di erential equation (PDE) [13, 14] and yields quantitative inform-
ation about plasma equilibrium inside the vacuum chamber of a hot fusion
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device, especially the radial force balance in the plasma [18]. The system to
be used, the symmetries involved and the size of the mesh domain need to
be studied in order to achieve the fastest solver to this problem [19].

A key aspect to consider in solving the Grad-Shafranov equation is that
the equilibrium plasma shape is priori unknown, leading to the treatment
of its interface as a free boundary problem. Given a prescribed set of ex-
ternal currents and possible shape and position control feedback systems,
as described in [20, 21], the boundary values within the computational do-
main remain unknown initially. Therefore, certain values must be assumed,
and multiple iterations over the magnetic feedback systems are necessary.
These systems can be categorized into radial position control, vertical posi-
tion control, and shape control. The radial feedback is essential for tokamak
operation, requiring a minimum set of coils based on the plasma's minor
and major radii. Vertical position feedback is needed to prevent the plasma
from drifting vertically, particularly in unstable conditions if the solution is
not constrained to be symmetric about the midplane [22, 20]. Shape control
involves the superposition of the basic feedback systems, but as the complex-
ity increases, it becomes crucial that these systems remain nearly orthogonal
to avoid interference and potential instabilities. Ultimately, the presence of
external coils to con ne the plasma against the pressure generated by its
density results in an unknown separatrix position that must be determined
iteratively.

Furthermore, the Grad-Shafranov equations includes an independent func-
tion responsible for modelling the plasma toroidal current circulating through
the reactor. Frequently problems describing physical phenomena are con-
straint by these kind of functions, very often used to model sources, pro-
cesses or proles involved in the problem. Such characteristic conditions
fundamentally the equation, for which the solution will now be intrinsically
linked to whatever model is implemented for the independent term.

Nonetheless, the freedom to chose models and parameters in PDEs gives
birth to a vast set of di erent problems and casuistic, yielding respectively im-
portant and useful insight. The literature on the numerical solution of MHD
equilibria is extensive. Numerous codes have been developed to solve the
Grad-Shafranov equation and tested against di erent variants of the prob-
lem, di erentiated by the choice of the source term and each utilizing distinct
numerical approaches and algorithms. A common way of studying the Grad-
Shafranov problem consists in looking for analytical solutions that can be
used to test several numerical and more complex geometry solutions. Mul-
tiple works present varioussimple solutionsto the Grad-Shafranov equation,
such as [23, 24, 25].

Another prominent example, and main guiding reference for this project,
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is the work presented by S.Liuet al. in [2], where a cut-cell embedded
geometry FE algorithm with Aitken's acceleration is described to solve the
free-boundary problem of the Grad-Shafranov equation. This study di ers
in some important aspect from the work developed in this document, for
instance the implementation of a solver designed to calculate the con ning
magnets' current. From the perspective of EQUILI, this represents in fact
the inverse problem, where by xing a plasma equilibrium control shape the
currents circulating through the tokamak's coils and solenoids are optimized.

Other approaches [26] take on the Grad-Shafranov problem using spectral
elements representing the poloidal plane. The convergence properties of the
spectral elements are investigated by comparing, similarly to [23, 24, 25], nu-
merically generated equilibria against known analytic solutions. Depending
on the equilibrium, either geometric or algebraic convergence is observed as
the polynomial degree of the spectral-element basis is increased.

Equilibrium solutions can be in fact obtained without the necessity of im-
plementing FEM, as shown in [27]. In this work, the eigenvalue of the associ-
ated homogeneous equation is related with the safety factor on the magnetic
axis, the plasma beta, and the Shafranov shift; then, the adjustable paramet-
ers of the particular solution are bounded through physical constrains. The
poloidal magnetic ux becomes then a linear superposition of independent
solutions and its parameters are adjusted with a non-linear tting algorithm.
This method is used to nd equilibria with normal and reversed magnetic
shear and de ned values of the elongation, triangularity, aspect-ratio, and
X-point(s).

All'in all, previous studies on Grad-Shafranov solvers highlight a variety
of methods applied to di erent variants of the problem. These diverse ap-
proaches, from traditional techniques to novel methodologies, demonstrate
the rich landscape of research aimed at understanding plasma equilibrium in
tokamaks.

1.3 ALYA

The project's birthplace is located at Barcelona Supercomputing Center
(BSC) Fusion group. BSC is a Spanish Severo Ochoa Center of Excellence,
the founding member of the Partnership of Advance Computing in Europe
(PRACE), and also the Spanish National Supercomputing CenterQentro
Nacional de Supercomputacion CNS).

The Fusion group is hosted in the Computer Applications for Science and
Engineering (CASE) department, which is sta ed by a highly multidisciplin-
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Figure 1.2: Left: Modules implemented in ALYA. Right: Modules being
developed.

ary team with around 100 researchers of di erent backgrounds (physicists,
engineers, mathematicians, computer scientists, technicians, etc.) working
together. The Fusion Group at CASE is focused on the research in nuclear
fusion which aims at the development of fusion as a safe, clean, and virtu-
ally limitless energy source for future generations. The CASE department
is involved in the eld of nuclear fusion research since 2008 when BSC-CNS
joined as one of the fourteen partners in the EU-funded project EUFORIA
(EU fusion for ITER Applications) to provide the infrastructure that links
high performance computing (HPC) to the fusion modelling community for
ITER sized plasmas. Several of the members of the Fusion Group have led
and coordinated many international experiments and modelling tasks such
as in JET or AUG.

The BSC CASE department, since its birth in 2004, has developed a soft-
ware called ALYA [28, 29]. ALYA is more than a Finite Element Method
(FEM) code; it is a development framework on which di erent physics are
implemented according to the interest of the developer. ALYA uses a single
main numerical tool, nite elements, although over the years numerous al-
ternative techniques have been included to optimise its answer depending on
the physics to be solved. ALYA provides the parallelism tools in an integ-
rated and transparent way to the speci ¢ developer. Needless to say, ALYA
was designed from the very rst line of code, to get the best possible per-
formance on a supercomputer. That is why e ciencies close to 100% are
obtained even running problems on 100,000 processors [29].

ALYA's kernel has a mesh partitioning system, the 10, a huge number of
linear systems and eigenvalue solvers, and an extensive nite element library,
its main numerical tool. The di erent speci ¢ modules are mounted on this
kernel to solve the di erent problems of interest. Currently there are mod-
ules to solve thermal problems, incompressible uids, turbulence, mechanical
problems, combustion, neutronics, and magnetism, among others. As intro-
duced previously, the long-term goal within the Fusion group is to generate
a fusion reactor digital twin by developing a group of modules that will be
added entirely to ALYA to account for di erent problems that occur within
con ned plasma, and its interaction with the walls and components of the re-
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actor that contain it. In this sense, some modules already created into ALYA
need to be adapted to work with this problem. There are currently modules
to simulate thermal hydraulics and thermal mechanics (TERMAL, SOLIDZ,
NASTIN), a module to describe neutron transport (NEUTRO) [30, 31] and
another to describe magnetic behaviour in superconductors (MAGNET) [32].

The intention is to keep advancing in this direction, and push forward
the development of new numerical tools: EQUILI, presented in this docu-
ment, which will solve the plasma equilibrium problem; MAXWEL, which
will analyse the electromagnetic response of the plasma and the structure;
MHDNOL, which will describe linear and nonlinear MHD to study problems
as breeding blanket and plasma disruptions 1.2. The latter in fact is the MHD
code at the center of this huge endeveour. In this way, ALYA would possess
the required plasma physics, based on the same language, the same 10, the
same numerical technology, and the natural communication proposed by the
kernel. As an added advantage, this software will have ALYA's high compu-
tational e ciency and continuous support on the operation of the kernel on
di erent architectures.

1.4 Structure, content and research queries

In summary, this project's main goal is to develop module EQUILI that will
be added entirely to the framework ALYA and shall compute the equilibrium
state for the 2D axisymmetrical plasma inside a tokamak domain by solving
the Grad-Shafranov PDE using a FE method. The document hereby shall
present the foundations, walk-through and collected fruits constituting the
design, implementation and validation of such a module.

Looking ahead, EQUILI is based on an advanced numerical discretisation
scheme known as CutFEM. CutFEM is a branch of FE methods which uses
un tted computational meshes where geometries and domains are embedded,
and interfaces are tracked via level-set functions. As will be justi ed later on
in the document, this approach is especially suited for the problem at hand,
which involves free boundaries and deformable domains sensible to boundary
conditions.

However, as highlighted in the state of the art, while various techniques
and methodologies have been employed to solve the Grad-Shafranov equation
in previous studies, utilizing a CutFEM scheme for this purpose is relatively
new. There were initial doubts regarding its feasibility and e ectiveness in
addressing the plasma equilibrium problem. Concerns existed about whether
CUutFEM could adequately handle the complexities inherent in the Grad-
Shafranov equation, particularly in terms of convergence and stability.
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Considering this, while the implementation of the code will be the most
intriguing and challenging aspect of the project, demanding a substantial
portion of the resources allocated, some questions and problematics can still
be posed in order to guide the document's structure. Developing EQUILI
constitutes in fact fundamentally a task purely technical, including of course
a previous theoretical study and a later validation. Nonetheless, the com-
plexities involved in implementing and re ning the CutFEM scheme will
conform the main bulk of the labor. Through this technical landscape, we
will be trying to provide a answers to the following questions:

N

Is CutFEM well suited for solving axisymmetrical plasma equilibrium
free-boundary problems modeled by the Grad-Shafranov PDE?

" Which numerical tools can be introduced in the numerical scheme in
order to provide a module capable of tackling real tokamak geometries?

Hence, the document is structured in the following way: in a rstinstance,
chapter 2 tackles fundamentally theoretical doubts and undertakes the task
of introducing important concepts and techniques constituting the backbone
of the numerical scheme. This chapter provides in its sections the knowledge
deemed necessary in order to understand which methodologies have been
implemented in EQUILI, and why. Very detailed descriptions and explana-
tions have been included in multiple appendices by the end of the document,
concerning several explanations and concepts presented in chapter 2.

Following the theory, chapter 3 introduces then various aspects directly
related to the implementation of EQUILI's numerical scheme and its work-
ow. Several abstract concepts and methods from chapter 2 are in fact
transcribed into numerical entities in chapter 3 by introducing progressively
in each section di erent numerical tools which characterise intrinsically the
functioning of the module. This chapter provides thus insight on how the
algorithm is built and which are the problems that can be solved.

Once the user understands how EQUILI works, chapter 4 is dedicated
then to testing and validating that the module actually works correctly. The
numerical results for several simulations launched for multiple casuistics are
presented, analysed and discussed in this chapter. Both analytical solution
cases and real tokamak geometry problems have been probed in the newly
developed module, providing valuable data to examine and assess the al-
gorithm's performance.

Finally, chapter 5 presents the conclusions of the project, synthesising
the essentials characterising the implementation and results obtained from
EQUILI.
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2. Theoretical approach

2.1 Grad-Shafranov equation

In a rstinstance, a brief presentation of the fundamental equation standing
at the core of the problem is developed in this section. EQUILI solves the
Grad-Shafranov equation which describes the equilibrium con guration for
a two dimensional axisymmetric plasma in ideal magnetohydrodynamics by
means of the plasma poloidal magnetic ux .

Fundamentally, the equilibrium con guration represents the plasma state
when the magnetic forces con ning the plasma and its pressure gradient are
balanced. Linearized ideal MHD stability problems require these equilibrium
solutions on which perturbations are applied in order to observe the system's
dynamic response to instabilities. On the transport time scales, over long
times when inertia is unimportant, the ideal MHD force balance equation
can be written as

rP=J B (2.1)

It constrains the pressure, magnetic eld, and current density pro les, dic-
tates what external elds are required to con ne the plasma, and determines
the plasma shape [1].

By imposing axisymmetric geometry on the problem and expressing the
magnetic eld B as a function of the poloidal magnetic ux among other
magnitudes, the Grad Shafranov equation, in cylindrical coordinatefR; ;Z ) 2
R*™ [0;2 ) R, is obtained such that

@ 1@ @

@R ﬁ@RJr @z oRJ (R; ) (2.2)
where is the toroidal elliptic operator andJ represents the plasma tor-
oidal current, with J : R* R! R. The details on the derivation of the
Grad-Shafranov equation 2.2 can be found in appendix 6.1.

By solving expression 2.2 one obtains the poloidal magnetic ux eld
values (R;Z) 2 R, which yields representative and easily exploitable in-
formation concerning the plasma shape geometry, notably by looking at the
eld's isocurves. Figure 2.1 presents an approximate representation [1] of
how a solution of should appear in a diverted tokamak. Di erent elements
characterising the plasma domai® P ( ) are present in the gure: the
magnetic axis with coordinates<y and value o, which corresponds to a local
extremum of , and two saddle points where = . The active saddle
point, with coordinates xx, xes the lowest point of the plasma domain's
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Figure 2.1: Poloidal magnetic ux eld (R;Z) solution isocurves [1].

separatrix. The separatrix corresponds to the last closed magnetic ux sur-
face and will be considered as the plasma domain bounda@ @ ( ).
The magnetic separatrix demarcates the regioR of nested closed ux sur-
faces lled with hot plasma and the scrape-o layer that has magnetic eld
lines intercept the divertor and rst wall. That is, in the case where g is a
maximum of , the plasma region in the reactor's cross section is de ned as

P() (([RZ)2R" RjZx Z; x (RZ) o (2.3)
and thereby its boundary corresponds to
@() (RZ)2R" RjZx Z; (RiZ)= «x (2.4)

Notice that the region below the active saddle point is disregarded as in fact
it does not belong to the plasma region, but rather makes part of the reactor's
divertor domain, originated intrinsically by the presence of the saddle point.
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For the sake of simplicity the plasma region is thereby de ned by 2.3, that
is the region enclosed by the continuous line in gure 2.1.

Hence, the goal of computing accuratel@P is directly linked to the task
of correctly nding the active saddle point positionxy and its value x. On
the other hand, it is assumed that outside the separatrix there is no plasma,
and therefore we have the following constraint on the source term:

J(R; )=0; 8(R;Z)2P() (2.5)

Actually, gure 2.1 presents a possible solution of the Grad-Shafranov
equation. That solution, with the mentioned features and characteristic
isolines, indeed embodies the kind of eld which is interesting and shall
provide important insight, as far as plasma equilibrium problems are con-
cerned. However, this solution is intrinsically bound to the expression intro-
duced in 2.2 for the toroidal plasma currend . That is, the Grad-Shafranov
equation solution depends unequivocally on which plasma current model is
selected.

2.2 Plasma toroidal current models

In the study of physical phenomena, it is common to encounter di erential
equations that, while fundamental to describing the system, are often in-
complete or unsolvable without additional considerations. These equations
frequently rely on complex properties or parameters that cannot be directly
derived from axioms or principles, or which simply would complicate the
problem too much and blast away all e orts of simpli cation. As a result,
ad-hocmodels and approximations are introduced to represent these proper-
ties, such as material behavior, turbulence, or energy transfer mechanisms.
These models are crucial for making the equations tractable and for capturing
the essential characteristics of the system, allowing scientists and engineers
to make accurate predictions and develop practical applications based on the
underlying physics.

The Grad-Shafranov equation is in fact one of those cases, where the
right-side-hand in expression 2.2 presents the toroidal plasma current func-
tion J (R; ) for which there is noa priori known expression. Hence, select-
ing a speci ¢ plasma current model when solving equation 2.2 will inevitably
lead to di erent solutions for the plasma toroidal magnetic ux , thus in-
troducing in the problem an additional functional parameter. This feature
is actually interesting when it comes to deriving manufactured analytical
solutions of the problem, which are often used to validate solvers and o er
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reliable testing cases. That is precisely the role of the rst two plasma cur-
rent models, whereJ takes the form of a linear and a nonlinear function
respectively.

Linear model: the rst model considered when solving equation 2.2
yields the following expression for the plasma toroidal current:

me:% (2.6)

which leads to the Grad-Shafranov equation

@ 10,8 _.

— ——+ ——= = 2.7
@R R@R @2 2.7)
and has an exact analytical solution in the form of
R4
(R;Z) = 3t D, + D,R?+ D3 R* 4R?Zz2 (2.8)

where the coe cients D; , D, , and D3 are determined so that the con-
tour = 0 represents a reasonable plasma cross section. In fact, for the
purposes of this work and following the same methodology presented in [2],
the O-level contour of analytical solution 2.8 is parametrised in a way to de-
scribe approximately the cross section of a tokamak's vaccum vessel, which
can be characterised by three dimensionless parameters: the inverse aspect
ratio ", the elongation and triangularity . The geometric interpretation
of such three quantities is presented in gure 2.2. Some examples of toka-
mak geometric parameters are tabulated in table 4.1. For instance, xing,
and according to the ITER geometry, the linear plasma current model
analytical solution 2.8 eld values appear as shown in gure 2.8. The red
curve corresponds to the solution's O-level curve, and can be taken indeed
as an approximate description of ITER's cross-section. Due to its character-
istic signi cance and frequent references throughout this document, notably
in chapters 3 and 4, the linear plasma current analytical solution's O-level
contour will be noted as [I'.

The details on the computation of the linear plasma current analytical
solution coe cients D, D, , and D3 are provided in appendix 6.2, extracted
from [2] and [33].

Nonlinear model: the second model considers in this case a nonlinear
source termJ . In [2] is introduced the following manufactured solution

(R;Z) =sin(Kgr(R + Kg))cos (K,2Z) (2.9)
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Figure 2.2: Geometric de nition of magnetic con nement device cross
section dimensionless parametefs and [33].

for which the corresponding toroidal plasma current can be written as follows:

1 K
J(RiZ)= — (KR+ KD + 2reosKr(R+ Ko)cosKzZ)+
R si?(Kr(R+ Kg))cos?(KzZ) %+
#
e sin(Kr(R+Kyp))cos(Kz2Z) e (2_10)

and the coecients are Kg = 1:15, K; = 1:15and Ky = 05. The
nonlinear plasma current model analytical solution 2.9 eld values has been
plotted in gure 2.3 b.

Proles model: the last model is based on an expression introduced
in [1] where the source termJ is de ned by means of two auxiliary func-
tions p( ) and g( ) which correspond to the plasma pressure pro le and the
toroidal eld function pro le respectively. Using both functions, the Grad-
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Figure 2.3: Analytical solutionsa) for the linear plasma current model and
b) for the nonlinear plasma current model. Red lines correspond to the
O-level contours for each eld.

Shafranov equation (2.2) right-hand-side can be written as follows
oRJ (R;Z) = oR*—+ g—=

which means the source term takes the form

d oR7d d 2 0Rd (2.11)

The free functionsp( ) and g( ) can be de ned in terms of the normalised
poloidal magnetic ux and some constants which can be adjusted. Norm-
alising helps stabilizing the code and prevents the solution to diverge. The
general procedure consists in constraining the value ofinside the plasma
region, such thatO 1; 8(R;Z) 2 P( ). That is, taking the crit-
ical values o and x seen in previous section 2.1, the normalised poloidal
magnetic ux can be computes as

() 22— (2.12)
X 0

This means in fact for that the magnetic axis will take value o= ( o) =1
and the plasma region boundary@ will be de ned by the O-level curve of
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, that is the eld points with value x = ( x) = 0. Hence, de nitions
2.3 and 2.4 can be rewritten in terms of such that

P()=P() (R;iZ)2R" R jZx Z;0 (R;Zz) 1 (2.13)
and thereby its boundary corresponds to
@()=@() (RZ)2R" RjZx Z; (R;Z)=0 (214

Such praxis is part of a set of mechanisms which are implemented in
order to improve the algorithm's convergence. These include for instance the
introduction of a coe cient computed such that the total plasma toroidal
current remains constant throughout the simulation. Further discussion will
be provided in section 2.5.

Moreover, keeping the central value of the plasma pressure xed from one
iteration to the next is also a common constraint implemented. In order to
do that, the source term plasma pressure pro le function can be de ned such
that

p( )= poB( )
wherepy 2 R* is the xed value of the central pressure angd( ) is a function
of the normalised poloidal magnetic ux . Knowing that O 1 inside

of P, we aim for a pro le function monotonous and such thap( ¢) =1 and
P( x)=0. For instance, we pose

p( )= ™ ; np2 NnfOg

The same process can be deducted for the toroidal eld function, such that
g takes the form

1

1 ,
S0 )= 5600 ) with 6( )= "™ ; ny2Nnfog

with g 2 R* the xed vacuum value of the toroidal eld function.
Introducing these expressions in 2.11, the toroidal plasma current is given

by:

o dp 1 dg? _ dp o5 dg
) JRA= Re& 3 rg T Ry 3 Rd

—_ d n gg d n

= Rpog= 7 > Rg

h 2 i
@ @ % @
— ~ R = Np + = Ng
@ Mg 2 R@
%
Yy J(R;Z)/ Rpon, ™ 1+ ng "ot (2.15)
2 R
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2.3 Fixed-boundary problem

The xed-boundary problem refers to an arti cial case where the plasma
shape isa priori known, and therefore the plasma regioR and by extension
its boundary @ are xed. The poloidal magnetic ux values on@, which
will be noted p(R;Z), are also known, meaning that mathematically the
problem can be simply cast as a Boundary Value Problem (BVP) given by

( = )RI(R; ) ;(RiZ)2P()

(2.16)
= p(R;2) (RiZ)2 @( )

If the current p(R;Z) is a priori de ned, these equations have analytical
solution [34, 35]. Fixed boundary values and manufactured expressions for
both linear and nonlinear plasma toroidal currents allow obtaining in both
cases analytical solutions, as the ones seen in previous section 2.2.

In general, for plasma equilibrium solvers [2], such as EQUILI, the ad-
dition of the xed-boundary problem to the code answers to the necessity
of implementing cases allowing the veri cation of the numerical scheme. By
including casuistic for which the solution is known, engineers provide ways of
checking if the algorithm is capable of reproducing the physics of the problem
under controlled conditions while developing the code.

Hence, taking the development of EQUILI for instance, the validation
process will consist in the following: for the xed-boundary problem and
selecting either the linear or the nonlinear plasma current models, when
the boundary values p(R;Z) are constraint so that on @ is equal to
the respective analytical solution, the code will be validated if it converges
towards that analytical solution on the whole plasma domair® .

2.4 Free-boundary problem

The free-boundary problem refers to the situation when the shape of the
plasma domainP is unknown. Hence, given the expression for the source
term, the algorithm's task is to converge to the equilibrium plasma shape.
It is precisely in this case where the complexity of a nuclear fusion reactor
must be taken into account and added to the plasma equilibrium problem.
In addition to current J circulating in the azimuthal direction inside
the plasma domainP, which produces a self-induced magnetic con nement
generated by the plasma induced magnetic eld, electrical currents are also
carried in toroidal and poloidal gigantic superconducting magnets outside the
plasma chamber to produce the con ning magnetic eld. These magnets are
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Figure 2.4: Axisymmetrical fusion reactor plasma equilibrium problem lay-
out, with ITER con guration (position of coils, solenoids and expected dis-
tribution of poloidal magnetic ux  isosurfaces).

basically coils designed to compress, con ne and shape the hot plasma which
circulates inside its cavity. Such external devices are directly linked to the
plasma cross section geometrly in equilibrium and therefore are essential
to the problem.

Hence, to the plasma's self-induced magnetic con nement must be added
this external and complex current distribution. Such enrichment is illustrated
in gure 2.4, where the previous scheme in gure 2.1 has been completed with
the external coils. The computational domain , where the solution of the
Grad-Shafranov equation is plotted, is delimited by the red rectangle. The
plasma magnetic con nement coils (PF1, PF2...) and solenoids (CS1, CS2...)
are placed outside , at locations (Rf; Z¢) [2] and current intensity I [36],

i =1;2::n.. Forinstance, in gure 2.4 the positions of such external element
correspond to the con guration built in ITER (see tables 4.2 and 4.3).
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Recalling the previous assumption 2.5 and taking into account the ex-
ternal magnets, the free-boundary plasma equilibrium problem for a tokamak
can be written as follows:

8
3 oRI(R; ) (RiZ)2P()

= 5 oRIf '(R;Z)= (R Z0);1 =1;2:0n (2.17)
"0 , otherwise

Solving 2.17 yields therefore the eld distribution for an axisymmetrical
nuclear fusion reactor with poloidal eld coils located at(R;Z) = ( R; Z{)
and sustaining a currentl , i = 1;2:::n;, and where the prescribed toroidal
component of the plasma current is modeled by (R; ), generally a non-
linear function of , in the plasma domainP.

Notice again that both coils and solenoids are left outside. In fact, once
the free-boundary problem is posed as de ned in 2.17 there are multiple ways
of tackling it. A possible strategy would be to de ne a computational domain
including both an estimation of the nal plasma regionP (converged shape
unknown) and all the external coils and solenoiddk?; Z¢) which magnetically
con ne the plasma. This particular problem layout is solved for instance in
[36] and [37], using the APEC and NICE codes respectively.

On the other hand, EQUILI has been implemented in a di erent way,
following the approach presented in [1] or [2]. As illustrated in gure 2.4,
EQUILI's methodology consists in solving the free-boundary problem on a
computational domain which does not include the nuclear fusion reactor's
magnets. However, all external elements still need to a ect the equilibrium
plasma shape. Therefore, in the following section is introduced the technique
responsible for projecting the contributions from the external coils onto the
computational domain's boundary@ , based on the elliptic operator 's
corresponding Green's function.

2.5 Elliptic operator's Green's function

In order to determine the value of on the computational domain's bound-
ary @ given the values of currentl ¢ in the n. discrete conductors located
at coordinates (R{; Z¢) as shown in gure 2.4, the algorithm relies on the
existence of a Green's functios for the elliptic operator

A Green's function is a powerful mathematical tool used in the analysis of
di erential equations, particularly in the context of linear partial di erential
equations. It provides a way to solve inhomogeneous di erential equations,
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which are equations that include a source term (or forcing function)[38].
Once the Green's function for a given di erential operatot. and domainD is
known, it can be used to construct the solution to the original inhomogeneous
equation with any arbitrary source termf (x). The solution u(x) can be
expressed as an integral over the domaid of the product of the Green's
function and the source term, such that:
Z
ux)=  G(x;x9f (x9adx° (2.18)
D

In practical applications, the Green's function is employed to project source
terms f (x) over a de ned domain by considering how each point in the do-
main contributes to the solution at a speci ¢ pointx. The integral essentially
"sums up" the contributions from all points in the domain D, weighted by
the Green's function, which accounts for the e ect of the geometry, bound-
ary conditions (BCs), and the properties of the di erential operatorL.. This
method is particularly useful in elds like electrostatics, heat conduction,
and quantum mechanics, where Green's functions are used to solve for elds,
potentials, or wavefunctions resulting from distributed sources or forces.

Therefore, as far as the free-boundary plasma equilibrium problem de ned
in 2.17 is concerned, the Green's function will be used to project the sources
located at (R{;Z¢) outside the computational domain onto its boundary
@ . In fact, the elliptic operator  's Green function is given by the following
expression:

P =50h i
G(R;RY = zi iRO (2 kHK () 2E(K) (2.19)

whereK (k) and E (k) are complete elliptic integrals of the rst and second
kind respectively, and the argument is given by

2 4RRO
- (R+RY2+(Z 292

(2.20)

The derivation can be found in [38].

Starting from Green's theorem, after some manipulations involving ex-
pression 2.17 and Gauss's theorem, the following expression for the poloidal
magnetic ux computational boundary values g is obtained:

Z

)(\c
s(RY= o G(R;R%J (R)d+ o G(R5RIYIS ;8R°2 @
P() i=
' (2.21)
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More details concerning the derivation of expression 2.21 are included in
appendix 6.3. Hence, the boundary valuesg are built from two kinds of
contributions: the contribution from the plasma toroidal currentJ circu-
lating inside the plasma domainP and the contribution from the discrete
external currents| ¢ located atR?.

As mentioned briey in section 2.2, such boundary valuesg are nor-
malised respect to the total plasma current, which will be noted ak, and
constitutes a tokamak characteristic parameter. This normalization only af-
fects actually the contribution coming from the circulating toroidal plasma
current J . In order to account for a constant plasma current equal to,,
the following normalization variable is introduced:

Z

— J(R)d (2.22)
lp e

which is basically the ratio between the actual plasma current circulating
inside the plasma regiorP and the total plasma currentl,. Hence, the nor-
malised poloidal magnetic ux boundary values™ can be in fact calculated
using the following expression:

Z

Xec
“(RY= o  GR;RYW (R)d+ o GRERIC  (2.23)
P() i=1

By introducing the values g, the free-boundary problem can now be
formulated, similarly to the xed-boundary case, as a BVP where BCs are
imposed on@ in order to solve the Grad-Shafranov equation in the domain.
Therefore, the free-boundary plasma equilibrium problem can be simply re-
written as

8 (
3 oRJ (R; ) ;(R;Z)2P()

0 . otherwise (2.24)
= B(R;2Z) ;on @

Now both xed and free-boundary problems have been formulated and
posed in the form of BVPs. The next stage involves thus choosing the most
suitable FE method to be implemented as EQUILI's numerical scheme that
e ectively addresses these problems. Considering the wide variety of available
FE methods, it is crucial to carefully evaluate which challenges and issues will
need to be overcome when solving the BVPs, specially for the free-boundary
case, in order to ensure the module's optimal performance and accuracy.
In the following section are discussed the criteria and rationale behind the
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selection of the FE method tailored for this speci ¢ application, highlighting
key factors such as geometry deformation, convergence and computational
e ciency.

2.6 Untted mesh FEM: CutFEM

While the coils' current can be individually adjusted to accommodate a vari-
ety of plasma pressure and current pro les in terms of plasma positioning
and shaping, the current carried by the plasma depends directly on the
shape ofP, which at the same time is a ected by the self-induced con n-
ing magnetic eld generated byJ . That is, the plasma current and the
shape of the plasma region are physically coupled. Due to this coupling, the
problem needs to be solved having the plasma shapenot xed and free
(free-boundary problem) to evolve towards the equilibrium con guration,
while being constraint by its own circulating current.

The general solution strategy for solving this kind of problems vyielding
intrinsic coupling involves an iterative approach based on a double loop struc-
ture [1][2]: in the external loop, the algorithm looks for the convergence of
the boundary values 7z, computed according to 2.23; in the internal loop,
the algorithm solves the Grad-Shafranov free-boundary problem using BCs
~g obtained during the external iteration, that is solving 2.24.

Such structure presents a critical aspect which conditions fundamentally
the nature of the solver. The fact is that for a given tokamak con guration,
the nal equilibrium solution of is unknown and shall most surely diverge
substantially from the initial guess generated by the code or introduced by the
user. This has of course direct consequences on Bheshape, in other words,
meaning its initial and nal geometry may present drastic dissimilarities fruit
of the deformations caused by the magnetic con nement. Moreover, it can
be expected that such drift inP will span across the multiple iterations,
progressively converging towards the equilibrium cross-section geometry.

Take for instance the case where a classic FEM scheme was implemented
in order to solve 2.24. In this situation, the mesh provided to the code must
adjust the plasma domain initial guess geometry, that is its boundary must
be de ned using mesh nodes. Now, iteration after iteration, such geometry
shall change and be deformed as it converges towards the equilibrium. Such
mutations force the code to adjust the mesh by either moving the nodes
de ning the plasma boundary or re-meshing the domain. The latter has a
very well known extremely high computational cost, and shall be avoided
always if possible. The rst presents a lower computational cost and could
be adapted from the standard ALE mesh numerical schemes, however the
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threat posed by possible large deformations and therefore lost of accuracy
near the plasma boundary pushes this method backwards.

Therefore, the exible and deformable nature ofP demands in fact the
implementation of a FEM that can deal with this plasticity and must be
able to easily track such changes in the plasma/vacuum interface geometry
@ . Under such circumstances, selecting an un tted mesh FEM seems the
reasonable path to follow, providing well proven good results when tackling
problems presenting large deformations of single or multiple domains. Hence,
EQUILI has been built using as backbone a Cut Finite Element Method
(CutFEM) [39] [40] algorithm.

In the following will be discussed the key features and important as-
pects tackled during the development of the CutFEM numerical structure
for EQUILI.

2.6.1 Cut elements

CutFEM is an advanced numerical technique used in computational simula-
tions, particularly for solving PDEs on complex geometries [41, 39]. Stand-
ard FEM require the computational mesh to align with the boundaries of the
domain, which can be challenging and time-consuming when dealing with in-
tricate or evolving geometries. However, CutFEM allows the computational
mesh to be independent of the domain boundaries. Instead of conforming
the mesh to the geometry, the geometry is embedded in the mesh, resulting
in CutFEM mesh cells "cutting" and intersecting the geometry and allowing
the method to handle complex shapes and interfaces more exibly. Such
methodological di erences are illustrated in gure 2.5.

Both subplots a and b in gure 2.5 present the same topological ele-
ments, whereas a computational domain containing an arbitrary shaped

geometry ', meaning ' . The geometry's boundary de nes the inter-
face between ' and the region "outside" of ', which is noted as °. All in
alwehave = [ °and @' "\ ° Now, while is meticulously

tracked down by numerous mesh nodes along the full interface & in the
case of CutFEM (subplotb) it can be observed how "cuts" through the
mesh cells, generating what are known as "cut elements”. This is in fact
the key feature characterising the numerical scheme, and gives its particular
name to the method "Cut"FEM. CutFEM allows the interface to deform
and change its shape without modifying the mesh, because already from the
start has no nodes placed on top and tracking its allure. The interface
is free to move and mutate across the mesh, without relocating nodes or
re-meshing, because is solely tracked by the cut elements which intersect
the interface. If evolves towards a curve which cuts elements di erent from
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Figure 2.5: Qualitative di erences in mesh de nition between standard geo-
metry aligned FEM and geometry embedded CutFEMa) Problem tackled
using standard FEM, where the geometry boundary is de ned using nodes
(geometry aligned with mesh. b) Problem tackled using CutFEM, where
the geometry is embedded in the mesh (there are no nodes on the geometry
boundary).

the cells it was cutting previously, tracking these changes is as simple as up-
dating the set of elements which are cut by . Here is precisely where the
strength of CutFEM lies [42, 43].

Now, when solving this kind of problems using the standard FEM scheme,
a classi cation of the mesh elements is often introduced, in order to identify
during all the simulation which elements are lying inside the geometry' and
which are located outside in °. This is indeed because the algorithm needs
to determine, for instance in an inhomogeneous problem, which expression
for the source term to use when integrating the problem's Weak Form over
the di erent elements. The same is valid in the case where' possesses
characteristic properties which need to be taken into account.

Hence, as far as a standard FEM numerical scheme is implemented, the
mesh elements can be classi ed into two distinct categorieée(') g, elements
lying in '; fel9g, elements lying in °. In other words, the standard FEM
algorithm needs to identify which elements are inside and outside the geo-
metry.

On the other hand, in the case of CutFEM an additional set of elements
is de ned, while the previous two are slightly modi ed. In fact, cut elements
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must be grouped di erently so they can be treated using di erent numerical
tools, which will be developed in the following sections. That is because cut
elements are lying in both ' and °, and therefore when integrating over
the element the di erent regions of the cell shall account for the di erent
properties associated to each topological domain. Moreover, the set of cut
elements is intrinsically linked to the shape of , which means that any
relevant deformation of the interface will a ect directly the mesh elements
classi cation. Hence, in the case of CutFEM the elements are separated into
the following sets:

~ ¢e) : non-cut elements lying in
~ € : cut elements containing interface
~ €@ : non-cut elements lying in °

Identifying and classifying all mesh elements according to these sets con-
stitutes an essential and necessary step when solving a BVP using CutFEM.
Notice also that in gure 2.5, while sub gure a presents a computational
domain where the mesh is unstructured and altered by geometry, when
solving with CutFEM in sub gure b the mesh is structured and regular,

independent of the shape embedded in it.

All in all, the CutFEM approach certainly simpli es mesh generation,
which often devours a great deal of the resources destined to solving the
BVP, and adapts well to problems where the domain boundaries change over
time, such as in uid-structure interactions or evolving interfaces[41, 43].

2.6.2 Level-set function

When there are no nodes placed over the interface(see gure 2.5), CutFEM
demands the introduction of a numerical tool which shall be able to track
and de ne the exact shape of the interface. Such instrument needs to be
independent of the mesh and permit a simple way of splitting the domain
into multiple easy-identi able regions, intrinsically classifying the elements
according to the di erent sets introduced in previous section 2.6.1.

The level-set method represents interfaces implicitly by de ning a con-
tinuous scalar function (x) over the computational domain, where the in-
terface is captured as the zero-level contour set, that is the points satisfying

(x) = 0. Taking again the topological notation introduced in previous sec-
tion (see gure 2.5), the level-set function is typically de ned in the following
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Figure 2.6: Example of implicitly de ned interface by means of a level-set
function (x) [40]. sub gure a shows the dierent contour levels of (x),
where the 0O-level contour has been drawn in black and de nes the target
interface shape. Sub gureb represents the 3D surface de ned by(x) where
the O-level contour has also been plotted with a black curve, hence visually
illustrating the link between the level-set function (x) eld values and its
contour levels.

way:

8 :
2 (xX) < 0 inone region (for instance ')
(x) such that S (x) =0 along interface (2.25)
(x) > 0 in the other region (for instance °)

This implicit representation allows for a clear distinction between dif-
ferent regions without the need for a mesh that conforms to the interface,
making it particularly well-suited for CutFEM, where the computational grid
is independent of the geometry. In cases where the analytical expression for

(x) is unknown, algorithms are based and work with (x) nodal values.
That is, the eld of values obtained by evaluating (x) on the mesh nodes
must be stored, preserved and updated as the di erent regions deform and
evolve.

Figure 2.6 illustrates the link between the eld values and the contour
level curves of a level-set function. In fact, it can be seen how the O-level
curve (black curve) connects the region where> 0 (red surface), which
corresponds to the region "outside" the closed domain delimited by the black
curve, and the region where < 0 (blue surface), which corresponds to the
region "inside" the closed domain delimited by the black curve. Following
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Figure 2.7: Triangular mesh elements classi cation respect to level-set func-
tion values [39].

the general methodology, level-set implicitly de ned interfaces are associated
to the O-level contour set, but actually anyk-level contour set,k 2 R, can
be used to track . By using the O-level contour, regions can be associated
directly to the level-set function sign, which yields somehow easier graphical
and implementation work ow[39].

Figure 2.7 presents the methodology used to classify triangular mesh ele-
ments according to the level-set function values. Each node (vertex) of a
triangular mesh element has a level-set value, which is the value of the level-
set function (x) at that point. In the case of de ning using (x) O-level
contour, the sign of this value indicates whether the node is inside the inter-
face region ((x) < 0) or outside the interface region ((x) > 0). As shown
in gure 2.7, based on the signs of the level-set values at the three nodes of a
triangular element, the element can be classi ed into one of three categories.
Recalling the notation presented previously, the three sets are characterized
as follows:

N

el (non-cut elements lying in '): elements where all vertex
nodes have negative sign values, thatis (x;) < 0,i=1;2;3.
© el (cut elements containing interface ): elements where vertex
nodes have di erent sign values.

© e (non-cut elements lying in °): elements where all vertex
nodes have positive sign values, thatis (x;) > 0,i=1;2;3.

By following this methodology based on the level-set function, classifying
mesh elements results in an algorithm easy to implement and with a relatively
low computational cost.

Some important concepts to point out:

" This same methodology can be applied to other type of 2D elements, for
instance quadrilaterals or pentagons. Fundamentally, the classi cation
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is based on the signs of all vertices in the element, regardless of the
total number.

For high-order elements, the procedure remains the same because the
relevant elemental nodes are the vertices of the element. Interior nodes
have no importance during the classi cation process.

Cases where vertices are located exactly on the interface must be taken
into account when implementing the classi cation algorithm. For such
nodes, = 0 and the sign becomes misguiding. However, that also
means automatically that the element is cut by .

Since CutFEM operates on a mesh that does not conform to the geometry,
the classi cation of elements whether fully inside one region, fully outside,
or cut by the interface ensures that the interface is accurately handled [44,
42]. This is particularly important for integration, as cut elements must be
treated di erently to non-cut elements. Because cut elements contain both
regions, ' and ©°, the integration of the Weak Form over the element must
be handled separately, ensuring proper treatment of material properties and
source terms over each domain, and BCs across the interface.

2.6.3 Numerical integration

Numerical integration in standard FEM is crucial for computing integrals
over the elements of the mesh, particularly for assembling the di erent terms
appearing in the global linear system (sti ness matrix, mass matrix, and
force vectors) linking the problem's unknown degrees of freedom[45]. The
main goal is to integrate the problem's Weak Form over nite elements,
which can be challenging because analytical integration is often not feasible
due to the complexity of the functions or the element shapes. To solve these
integrals e ciently, the solution is interpolated using a simple functional
basis, commonly referred to as shape functions, for which the integration is
easy to perform by employing standardized numerical integration techniques
[46].

One of the most common approaches consists in interpolating the solution
using polynomial shape functions, which, if the correct number of integra-
tion nodes is used, can be integrated exactly using Gauss quadratures. The
integrals typically include terms related to the basis functions, their gradi-
ents, and material properties. This concept is implemented side-by-side with
isoparametric elements, for which the geometry is mapped using the same
functional base as the solution[45]. This results in very e cient algorithms
relying on standard integration quadratures developed for standard "refer-
ence" elements which are mapped to the "physical" space where the actual
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arbitrary-shaped element exists, avoiding thus the expensive process of com-
puting for each random-shaped element its corresponding numerical integra-
tion quadrature[47].

Standard FEM assume that mesh elements are fully contained within
their respective domain. That is, the standard procedure for integration over
elements which appear in most standard FEM aligned geometry literature is
designed for elements which are not cut by any interface, namely elements in
feg or fe°g recalling the previously introduced notation. Therefore, as far
as CutFEM is concerned, those same standard FEM numerical integration
techniques are implemented for integrating over all non-cut elements in the
mesh. Thus, considering standard numerical integration schemes already in
place and developed, all that remains is to introduce methods for integrating
over the particular elements characterizing CutFEM: cut elements.

As far as EQUILI is concerned, the modi ed integration quadratures for
cut elements are computed following the standard approach [48]. Detailed
explanations supported by useful schemes and diagrams can be found in ap-
pendix 6.4, yielding valuable insight and accurate description of each step
conforming the methodology followed to compute the cut elements' quadrat-
ures.

As explained earlier, the general approach for FE methods when it comes
to numerical integration over non-cut elements is based on computing the
quadrature's integration nodesxq for physical elements, using the node%“)
from the reference element. In the case of cut elements, both physical and
reference elements are tessellated according to the interface which cut the
elemental domain, splitting into Ngy, child subelements, identi ed with in-
dex k. The goal is then to compute the coordinates of the integration nodes
xgk) and gk) in each subelemenk for both physical and reference elements
respectively, yielding the numerical integration quadrature associated to each
subelemental domain. Synthesising the methodology in the form of an al-
gorithm, the cut elements standard approach can be written down as follows:

1. Compute ", linear approximation of the exact physical interface .

2. Map M to the reference element via the inverse isoparametric trans-
formation, thus obtaining I, .

3. Tessellate the reference element, obtaining the nodal coordinatcg@ =
( i(k); i(k)) for each child sub-element.

4. Map the standard reference Gauss integration nodeg to each ref-
erence sub-elemental domain, thus obtaining the modied reference
Gauss integration nodes (.
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5. Map the modi ed reference quadrature { back to the physical ele-

ment, via the isoparametric transformation, thus obtainingxé,k).

The resulting integration nodes will be used for integrating over the dif-
ferent sub-elemental regions in cut elements.

However, in order to impose BCs on the cutting interface, adequate nu-
merical quadratures must also be developed for integrating alongin each
cut element. Once again, a detailed step-by-step description of the method-
ology implemented in EQUILI can be found in appendix 6.4.

Similarly to the previous development, in this case the goal is to obtain the
integration nodes,xg) and g) in physical and reference space respectively,
to integrate over the boundary cutting the element. As far as EQUILI is
concerned, the standard approach is implemented and ce be written in the
form of an algorithm as follows:

1. Compute ", linear approximation of the exact physical interface .

2. Map " to the reference element via the inverse isoparametric trans-

formation, thus obtaining ;.

3. Map the standard 1D reference Gauss integration nodegto the refer-
ence approximated interface ", , thus obtaining the modi ed reference

ref »
Gauss integration nodes {) .

4. Map the modi ed reference quadrature g) back to the physical ele-
ment, via the isoparametric transformation, thus obtainingx .

The main features characterizing CutFEM have thus been presented, ana-
lyzed and explained with detail, from a theoretical point of view. Once again,
choosing this method as backbone for the EQUILI module is the result from
the necessity to implement a FE solver which can handle e ciently large de-
formations and evolving interfaces. Nonetheless, as seen along the di erent
concepts in this section, while embedding the geometry in the mesh presents
multiple advantages in terms of mesh generation and interface deformation
handling, all complexity associated to the geometry must now be dealt in
other processes, for instance during numerical integration. As usual, it is a
trade-o between a complexity and exibility, yielding advantages and dis-
advantages.

In this last discussion on numerical integration, the concepts of Weak
Form and global system assemblage have arose. In fact, the backbone for
all FEM resides in solving a linear system of equations, where the vector of
unknowns contains the values of the PDE's function solution evaluated at
the mesh nodes. Such a system is built from integrating across the whole
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domain the problem's Weak Form, which is the last analytical point to de-
velop. Hence, having seen theoretically all the major di culties involved in
CutFEM, let us nally proceed to the problem's Weak Form derivation.

2.7 Weak Form

At the core of both xed-boundary and free-boundary plasma equilibrium
problems, de ned in 2.16 and 2.24 respectively, stands the Grad-Shafranov
equation for axisymmetrical plasma systems. In order to solve such PDE us-
ing any FE method, the Weak Form of the problem must be derived[45, 47].
This process is essential and often represents the rst step in any FE solver
development. Nonetheless, when deriving the Weak Form one must bear in
mind the FE method which will be ultimately implemented to solve the prob-
lem, that is which FE branch among the huge variety of approaches which
have been presented in the eld until today: standard FEM, DG, SUPG,
XFEM, CutFEM, Particle Methods, Finite Volume Method, Boundary Ele-
ment Method, etc.. In fact, depending on the chosen method, the Weak Form
may be subject to the addition of terms for stabilization, terms for coerciv-
ity, terms for symmetry... Furthermore, some of the terms derived directly
from the fundamental equation may be simpli ed or treated with di erent
techniques, notably when it comes to the BCs imposition.

After having determined CutFEM as the numerical solver scheme for
EQUILI, the problem's Weak Form can be now derived following the usual
methodology, applying Weighted Residuals and introducing shape functions
V.

The detailed step-by-step derivation can be found in appendix 6.5. Recall

as the domain where the Grad-Shafranov equation is de ned, and we pose

o the subset of the interface on which Dirichlet BCs are imposed.
After some manipulation, the nal expression for the Weak Form can be
written as follows:

Z Z Z Z
rvr d v%% + vin r )d + (n rv)d
z Z Z ° Z°
+ vd = v oRJ d + p(nh rvd+ v pd (2.26)

for (R;Z) 2 and with 2 R Nitsche's penalty parameter [49]n the
unitary vector normal to interface and p 2 R the essential BCs for on

D-
Some comments on the di erent terms appearing in expression 2.26, in
relation with the discussion developed at the beginning of this section. On
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one hand, the terms multiplied by are responsible for the weak imposition
of BCs. That is, because the mesh is no longer aligned with the problem's
geometry, meaning the boundary is no longer tracked by mesh nodes, it be-
comes impossible to strongly impose BCs. In other words, it is no longer
viable to substitute or directly force the BCs on nodes, because there are no
nodes on the boundary anymore. This is a direct consequence of embedding
the geometry in the mesh, and is not the case for instance when using stand-
ard FEM. Therefore, CutFEM can only impose BCs weakly, and this is one
of the reason for deriving the Weak Form only after choosing the solver's FE
method.

Now, in order to do that we apply Nitsche's method [49],[39] by introdu-
cing in the Weak Form the following terms:

Z
( p)(n r v)d

D

which guarantees the symmetry of the left-hand-side of the equation, and
Z
v ( p)d

D

which guarantees coercivity. These additional terms ensure that the BC is
enforced while maintaining consistency and stability of the numerical solu-
tion. Both terms do not alter the equation if null, which happens in fact when

= p on p. Real number is the penalty parameter, which guarantees
a stronger imposition of the BC as the value increases. Nonetheless, increas-
ing also means increasing the system's condition number, and therefore
increasing the di culty (=computational cost) of inverting the matrix. Both
terms are split, sending the part proportional to p to the right-hand-side,
as an additional term to the forcing vector, and leaving the part proportional
to the unknown function on the left-hand-side.

The Weak Form demands some regularity conditions on the functions

involved. In fact, equation 2.26 is well-de ned for

n 0
2U() with U() f: I Rjf2H*Y) ;f= p on p
n (6]
v;Jd 2V() with V() f: I Rjf 2HY)
with n 0
H() f: 1 Rjf2L%) ;rf2L%)

whereL?() is the space of square integrable function in.
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We approximate now the poloidal magnetic ux eld by means of shape
functions in order to build a nite element discretization. Hence, using func-
tional basisf N;g, we have

X
(R) "R)=  N;R) (2.27)

j=1

where ; corresponds to the values of solution evaluated at mesh nodes
R;. At the same time, the test functions must also be discretized, such that
we useVv" instead of functionsv. The same goes with the plasma current
model, for which the discretized equivalent will be noted".

So that we account for the spatial discretization in the nite element
method, the setsU and V, which clearly contain in nitely many functions,
are approximated by convenient nite dimensional subsets of these collections
which will be denoted byU" and V", respectively. These nite element spaces
are characterized, among other things, by a partition of the domain.

In fact, we have to view the spatial domain as discretized in domain
elements € such that = [, © Now in such elements, the Weak Form
is still satis ed, but we now restrict the test function v and J and the
trial function  to V", again V" and U" respectively, in the frame of the
discretization considered. Hence, introducing all this in expression 2.26, the
discrete expression for the Weak Form can be written as

Z Z @n 2 z
rvir d vh§@d+ vVitnr Md+ "(nr vhd
Z Z Z° A
+ vh hd = vl oRINd + o(n rvhd + vl od
D D D
(2.28)
such that
h2UM() and Vv J"2V()
with
n 0
u"() f: ! Rjf2HY) :fje2Pm( ®:f= p on p
n 0
V() f: ! Rjf2HY) ;fje2Pn(

where Py, is the nite element interpolating spacefor scalar functions. Note
that U" and V" are nite dimensional subspaces of the initial spacdd and
V.
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The next step consists in working on the discrete Weak From of the
problem, that is expression 2.28, in order to obtain a system of equations in
algebraic form. The details on the performed manipulations can be found in
appendix 6.6. By introducing the solution approximation 2.27 in 2.28, and at
the same time considering the Galerkin method[45], where the test functions
v are taken equal to the shape function§N;g of the approximation, the
previous discrete Weak From 2.28 can be written in the form of the following
linear system of equations:

h i
K+G+B_, u=F+ Bg (2.29)
such that
Z Z
1@N
Z Z Z
(BL)j = N N;d Fi= N; (RI"d ( Br)i = N; pd
D D
and where .
u= o 1 2 :x N

is the vector of unknowns. The dierent terms in the Weak Form have
been associated to di erent matrices in linear system 2.29, wheke cor-

responds to the well known sti ness matrix, which appears in many FEM
problems[45, 47]. On the right-hand side, the force vectdf carries the

source term depending od", while matricesB, and By are associated to
the boundary terms.

Arriving to the CutFEM discretized algebraic linear system of equations
2.29 concludes the theoretical study of the plasma equilibrium problem. In
the following section will be introduced the numerical implementation of
EQUILI, where all the analytical concepts seen in this chapter 2 will be
translated into code, subroutines and functions.
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3. Numerical implementation

In the following sections will be presented and developed several key aspects
of the implementation of EQUILI, based on concepts discussed in previous
chapter 2. Aiming for a solver adapted to both xed and free-boundary prob-
lems, as de ned by 2.16 and 2.24 respectively, a complex numerical work ow
has been implemented in EQUILI, founded on an iterative CutFEM solver.

In a rst instance, is necessary to explain that there are actually two
"EQUILI" codes: while the project was from the very beginning presented
and focused on developing a new module in ALYA, in modern Fortran, cap-
able of solving the Grad-Shafranov equation, some doubts were luring around
the decision on which FE method to use. Based on the discussion developed
in 2.6, nally CutFEM was selected as the backbone numerical method for
EQUILI.

However, the framework ALYA, while possessing very powerful and ef-
cient mathematical kernels and parallelization built-in resources, did not
possess any other module which already implemented cut elements function-
alities or methods. At this point was decided to start o by developing
a -EQUILI code in Python, EQUILIPY, to test if CutFEM was actually
capable of solving both xed and free-boundary problems and converge to
a correct solution, while advantaging from the user-friendly, easy high-level
programming language which is Python.

Furthermore, implementing a CutFEM solver from scratch is not as simple
as for a standard FEM scheme, for instance when it comes to numerical in-
tegration as seen in 2.6.3, and thus using a non-compiled language such as
Python made all debugging and error solving much easier than with modern
Fortran. Moreover, Python remains a fundamentally object-oriented pro-
gramming language, which is very useful when it comes to FE methods. In
fact, both EQUILIPY and EQUILI intensively exploit the advantages and
programming structures lying at the core of object-oriented framework, not-
ably when it comes to the global system assemblage process.

With the present retrospective, developing EQUILIPY prior to the EQUILI
module in ALYA has been of immense help and provided crucial insight on
CutFEM work ow and code e ciency.

Finally, both EQUILIPY and EQUILI share the same work ow and back-
bone structure, and therefore the numerical implementation analysis is inde-
pendent of either algorithms. Therefore, all following sections in chapter 3
actually concern both codes and explain the di erent techniques and meth-
odologies implemented in order to solve the problem at hand.
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3.1 EQUILI casuistic

In this section will be described several inputs parameter and relevant quant-
ities needed to run the code, introduced in the code using an input le. In
a rst instance, it is important to understand clearly and accurately what
problem cases can be solved with EQUILI. That is, in previous sections 2.3
and 2.4 were de ned the xed and free-boundary BVP, systems 2.16 and 2.24
respectively. However, those are not the only rami cations implemented in
the code.

All possible problem cases are controlled and launched by the rst 4
simulation parameters appearing in the input le. These ags correspond to
parameters named®LASB , PLASG , PLASC and VACVE . ALYA input
le reading subroutines are designed to only read the rst 5 characters from
any input parameter, which explains the assigned names. Now, each ag
controls the following problem feature:

N

PLASB : this parameter controls the nature of the plasma region bound-
ary, that is, either if the interface is FIXED or FREE. Therefore, ba-
sically this ag switches between xed and free-boundary problems
respectively.

PLASG : this parameter controls the plasma region boundar@? ini-
tial geometry. It switches between an initial interface based on the
tokamak's rst wall approximated geometry (taking the linear plasma
current analytical solution O-level contour ", as explained introduced
in section 2.2) or based on a parametrized cubic Hamiltonian [50], re-
sembling more the actual plasma region shape.

PLASC : this parameter controls which model is taken for the tor-
oidal plasma current, switching between LINEAR, NONLINEAR and
PROFILES.

VACVE : this parameter controls the tokamak's vacuum vessel geo-
metry. It switches between again the approximated geometry of the
tokamak's rstwall " or the computational domain's boundary@ .

In fact, while parametersPLASB and PLASC were expected and could
be deduced from the explanations in chapter 2, parameteRLASG and
VACVE answer to future work related functionalities.

Similarly to the work presented in [2], the rst free-boundary test suites
with EQUILI will concern problem con gurations where the plasma domain
P can deform, move and occupy without restrictions in the full computational
domain . Therefore, implicitly, the assumption behind this scenario is that
the reactor's vacuum vessel, the chamber containing the circulating plasma
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Figure 3.1: Dierent geometries for problem boundaries:@ corresponds
to the computational domain's boundary; " corresponds to the O-level
contour for linear plasma current analytical solution (see section 2.2) 4
corresponds to the parametrisation based on a cubic Hamiltonian presented
in [50].

and which will be noted from now on a8V, shares the same geometry as the
computational domain. This case is certainly less constraint and allows the
plasma to expand more freely, restricted solely by. Nonetheless, such layout
omits completely the reality of the actual tokamak's geometry. Therefore,
the ultimate goal of EQUILI is being able to obtain the plasma con guration
of the equilibrium state taking into account not only the external magnets
responsible for the plasma con nement, but also the tokamak&/ geometry.
This is the reason behind the ag parameteNACVE : to switch between
either the computational domain or a parametrized boundary de ningV .
Hence, all geometries involved in the current work are presented in gure
3.1. As indicated in the legend, the computational domain's boundarg
corresponds to the orange rectangular frame. As mentioned previously in
section 2.4, the restrictions on are simple: the external con ning magnets
must all be located outside , while being large enough to contaiW. This
is indeed the case in the gure, where the vacuum vessel's rst wall de ned
by ", the green closed curve, lies inside the orange rectangle. For the
current version of EQUILI, @V can only be parametrized using {". That
is, the green contour in gure 3.1 and the red contour in gure 2.3 are
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in fact the same. Nonetheless, in the future more parametrizations can be
implemented, for instance the one presented in [23], in order to simulate other
vacuum vessel geometries. Finally, the red contour corresponds to a possible
parametrization of the initial plasma domain boundary@ . As mentioned, it

is based on a cubic Hamiltonian for which some restrictions tune the resulting
geometry, and is presented in a work developed by Fusion for Energy [50].
As indicated in gure 3.1, this set will be noted as r4e.

Now, thanks to this 4 ags, EQUILI is able to switch between multiple
con gurations. Notice that, due to the introduction of W, the code handles
in fact two di erent geometries during the simulation: the plasma regiorP
and the vacuum vessel domailV. Of course, the natural way in CutFEM of
handling their respective interfaces is by de ning for each geometry a level-
set function. As far asW is concerned, for both xed and free-boundary
problems the level-set function is xed throughout the full simulation, be-
cause the geometry doesn't change. On the other hand, fBrthe level-set
values will be xed only when solving the xed-boundary problem. For the
free-boundary problem the plasma interface evolves, and thus so does its
associated level-set eld.

There are almost no restrictions on the problem layout combinations tol-
erated as input for EQUILI. That is, as long asP W , EQUILI will
have no problem launching the simulation.

The addition of a new interface modellingV opens the window to more
realistic simulations and plasma con gurations. Nonetheless, this new paradigm
may bring some confusion or disorientation concerning, for instance, the im-
position of BCs. Therefore, the following section is devoted to transform
and adapt previous BVP formulations 2.16 and 2.24 to EQUILI's numerical
treatment, by adding the new variable geometryV .

3.2 EQUILI xed and free-boundary problems

EQUILI manages numerically both the plasma regiorP and the vacuum
vessel geometryV. which contains the circulating plasma. The code treats
both boundaries respectively as interfaces, independent one from another,
parametrized by di erent level-set elds. Intrinsically, this means the inter-
face on which essential BCs are appliedp appearing in the Weak Form
2.28 and its derived linear system 2.29 is actually constituted of these two
separated interfaces. If we notep = @ and , = @V, this means in fact
p= pl[ v.
Following this, the Weak Form term integrating over p can be divided
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into the integration over p and the integration over \,, with their respective
BCs. We introduced p as the BCs imposed on p in section 2.3, while for
the cases wherey = @ we already de ned g as the respective BCs. Such
disunion makes in fact more sense when seen as a numerical consequence
than as a physical interpretation. Numerically, the Weak Form term integ-
rating over p is simply separated into two disjoint integrals. Physically,
the imposition of BCs on p in addition to the conditions on  is in dis-
agreement with the free-boundary BVP de ned by expression 2.24 [51]. In
fact, the BVP in 2.24 was derived from the original free-boundary problem
2.17 by introducing the elliptical operator's Green function to project the
external sources on@ . Now, when choosing the@V dierent from @,

the problem can simply be adjusted by projecting in this case the external
sources on whatever parametrized geometry has been taken fer. In the
end, the boundary values™ accounting for the magnetic con nement should
be imposed on whatever geometry is enclosing the plasma, which in a nuclear
reactor corresponds to the vacuum vessel. That is, the BC% need to be
imposed always on \, regardless of its de nition.

However, this means at the same time there should be no physical or
mathematical reason for imposing BCs on the plasma/vacuum interface.
Following the de nition of separatix, EQUILI imposes in fact on p that

= x. Similarly to uid-structure interaction problems, even though
the interface is free to deform and is not part of the computational domain
boundary, the iterative solver applies BCs in order to guarantee the prob-
lem's well-posedness. The BCs applied on the free interface determine how
the interface evolves. These conditions re ect the physical behavior at the
boundary and in uence the next step in the iteration. Fixing them ensures
that the iterative solver can update both the solution in the domain and the
position of the free boundary consistently, gradually converging to an equi-
librium where the interface and the BCs are both satis ed.

On the other hand, for cases wherep is xed, W's geometry becomes
actually irrelevant[52, 44]. That is, for the xed-boundary problem any ef-
fects regarding the plasma magnetic con nement are irrelevant, becausg
is xed and will not change, meaning the "con nement is already xing the
plasma shape". Thus, there is no point in computing or constraining the
problem with 7z, also meaning that everything happening outsid® is not
important[44, 51]. Hence, the usual procedure isto xy = @ for xed-
boundary problems and to forget about the™s values, which means simply
xing “g = 0. Now in this case the relevant BCs are imposed orp, xed
throughout the simulation.

Following the work done in [2], when selecting the plasma current models
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yielding an analytical solution (section 2.2), p shall be taken equal to the
corresponding analytical solution. By doing so, the system should be forced
to reproduce the analytical solution inside the fulP domain, and thus yield
a way of validating the EQUILI solver, as discussed in 2.2. In the case where
the plasma current is modelled using pro lep( ) and g( ), the boundary
values are set to p = 0 forcing, thus the condition de ning the separatrix

. =0.

For completeness and to clearly pose the equations standing at the core of
the EQUILI solver, the xed and free-boundary problems previously de ned
in 2.16 and 2.24 must be completed by taking into account the interface
missing in the previous de nition. That is, y must be added in 2.16, while
for 2.24 must be appended the conditions onp. In fact, by doing so both
problems can be written in a single form, unifying thus the implementation
into a single solver where the con guration is dictated by the 4 parameters
introduced in previous section 3.1. Handling both interfaces in both prob-
lems, EQUILI is able to switch between xed and free-boundary problems
by imposing the right BCs on each geometry.

Built on such implementation, the unique BVP solved at the core of
EQUILI can be written as

8
% ( oRI(R; ) (RZ)2P()
= ) ;NN pl v
0 , otherwise (3.1)
E = p(R;2) ,on p
- = B(R2) on v

With the de nitive system written down, and the BCs well-de ned, in
the following section shall be presented the work ow on which EQUILI is
founded.

3.3 EQUILI work- ow

As shortly explained in 2.6, the general structure for solving a free-boundary

plasma equilibrium problem consists in a double loop structure [2][1]. In the

external loop, at each iterationk, the normalized boundary values“g‘) are

computed according to 2.23 and imposed on the vacuum vessel's boundary
v. Inthe internal loop, at each iterationn, the normalized eld values *V

are obtained by solving the BVP 3.1 using an iterative CutFEM solver, where

the BCs on  correspond to & and the BCs on ) are ("= ) and
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then normalizing the solution according to expression 2.12. As indicated,
the CutFEM system assembled to compute at iteration n +1 depends on
the state of the plasma at the previous iteratiom. By introducing iteration
indexesn and k for the internal and external loops respectively, the BVP
solved iteratively in EQUILI using CutFEM can be written as

8 (
- (n) -1 (n)
% (1) = oRJ (R; ) ;inP n n (Pn); y
0 , otherwise

(n+1) — |(3n) on |(:n) (3.2)

(n+1) — *ék) on vy

Hence, starting from an initial guess with a characteristic plasma con-
guration, the internal iterative solver progressively converges towards the
solution eld satisfying the Grad-Shafranov equation with boundary values
*ék). Once the equilibrium state is reached, its values are used to compute
again the BCs set™3, in this case the corresponding iteration would bke+1,
and then the internal iterative solver is launched again, with the new bound-

~(k+1) .
ary values imposed on y, and so on and so forth. The algorithm
stops by exiting the external loop, when the BC valueSy are converged.

Such work ow is illustrated in the scheme presented on gure 3.2. As
indicated in the gure, the starting point consists in an initial guess for the
poloidal magnetic ux eld, noted ©, whose computation details can be
found in following section 3.4. However, such eld simply provides reasonable
guess values in accordance with the initial plasma region geometry, without
taking into account the external magnetic con nement magnets. From the
initial guess are computed the corresponding initial boundary valueg‘Bo)
according to expression 2.23 derived in 2.5.

After the initial guess values are obtained, the algorithm proceeds to
the double loop structure, previously explained. As shown in the scheme, an
inner/internal loop (red box) lies at the core and is responsible for computing
the converged solution of the normalized eld value . Once the CutFEM
system is solved and solution ("*Y) obtained, the eld values are normalized
according to expression 2.12. Therefore, in order to do so the critical points,
magnetic axisxp and active saddle pointxyx, must be found through an
optimization process, discussed in following section 3.9. From the normalized
solution eld (1 the new plasma region geometry can be obtained by
taking the 0-level contour curve according to de nition 2.14. Actually, before
normalization that would have been the contour level curve with value x
according to de nition 2.4, meaning thus that EQUILI is in fact taking as
plasma domain boundary the separatrix curve, de ned in 2.1 as the last closed
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Figure 3.2: EQUILI work ow scheme showing the double loop described in
2.6.

curve passing through the active saddle point. Hence, basically during this
process the level-set function parametrizing the plasma region geometry is
updated using the ("*1) 0O-level contour curve, with some adjustments. The
details on this procedure are explained in following section 3.10.

Once the plasma region has been updated, the residue between the pre-
vious solution (™ and the new solution Y is computed. If the residue is
higher than a certain tolerance threshold xed in the input le, the algorithm
comes back to the internal loop's rst step, computing this time ("2 with
the data obtained from previous iteration ("*1 . In case the residue is lower,
the solution is considered converged, and the algorithm exits the internal

loop.
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Returning then to the external loop, using the converged normalized po-
loidal magnetic ux eld values (Y obtained from the internal loop, the
new boundary values“(Bk”) are computed according to expression 2.23 and
normalized with respect to the total plasma current. Then, again by com-
puting the L, residue against the previous values(’, the convergence is
checked with respect to a xed tolerance, di erent or not from the internal
structure's one. If the residue is higher than the threshold value, the com-
puted g‘”) are used as new boundary values for the BVP to be solved
iteratively again in a new internal loop. If the residue is lower, the algorithm
exits the external loop and the last converged internal solution eld ("9 s
taken as the converged plasma equilibrium free-boundary problem solution.

Following the previous explanation in section 3.2, as far as the xed-
boundary problem is concerned, the code simply omits the external loop,
because both \ and its prescribed boundary values g are irrelevant to the

problem, the plasma domairP being xed from the start.

Taking the notation n and k, all changing magnitudes and elds can be
identi e(d)to th? )respective simulation iteration, as (™ or | for instance
n n
PM 5V orxy"”. _ _ o
Now that the work ow structuring the di erent operations in EQUILI has
been described, more detailed developments on several numerical processes

implemented in the module are presented in the following section.

3.4 |Initial guess

The initial guess plays an important role in iterative solvers. It should provide
a rough approximation of how the solution should look like, yielding the cor-
rect order of magnitude of the actual solution. In the case of EQUILI, this last
point is pretty important. That is because, when solving the free-boundary
problem, the initial boundary values “(BO) are computed with respect to the
initial guess solution. Retaking expression 2.23, each boundary nodealue
is composed of the contributions from the external coils and the contribu-
tion from the plasma current circulating through the initial P. Therefore, in
order to compute a decent initial guess forg, the initial guess for the eld
values should be adequate. Furthermore, recall that depends also on
for the nonlinear and pro les cases, and thus having a good initial guess is
again important in this aspect. This is true for both xed and free-boundary
problems.

Then, by selecting a speci ¢ plasma current model source term the sys-
tem is actually forced towards its corresponding solution, constraint at the
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same time by the imposed BC. Thus, it only seems natural, given that the
expressions for the linear and nonlinear plasma current models are analytical,
seen in section 2.2, to take as initial guess the analytical solutions altered by
some random noise.

For the case of the model based on prolep( ) and g( ), there is no
analytical solution. Therefore, in this case, based on the previous arguments,
again the linear plasma analytical solution is taken as initial guess. More
precisely, it's opposite eld is taken, so that the magnetic axis is a maximum
instead of a minimum. In summary, EQUILI implements the following initial
guess function depending on the selected plasma current model:

% — + D,+ D,R?2+ D3 R* 4R?z2 { iflinear plasma current

0= _ Sin (KR(R + Kop))cos (K,Z){ if nonlinear plasma current
é — + D, + D,R?+ D3 R* 4R?z? if pro les plasma current
(3.3)

where{ = {(R;Z) corresponds to a random eld function such thatO
{ 1

3.5 Level-set function and elements classi ca-
tion

As seen in section 3.1, EQUILI handles both interfaces, and ,(3”) by de-
ning two independent level-set function parametrizing each interface. Now,
as seen in section 2.6.2, a level-set functionidenti es 3 di erent groups of
mesh elements: the elements completely lying in the negative domain of
elements completely lying in the positive domain of ; elements cut by the
O-level contour of , containing both negative and positive level-set nodal val-
ues. The classi cation of the element is therefore done by looking at the sign
of on its vertices. Hence, having now not one but two level-set functions
de ned in the mesh, which we will note from now on (”) and y paramet-

rizing (" and  respectively, EQUILI is able to separate the elements into

not 3 but 5 di erent groups depending on the signs of(P”) and y evaluated
on their vertices. The 5 distinct groups are named and de ned in EQUILI
as follows:

" Plasma elements: this set feP)g(™ contains elements lying com-
pletely inside the plasma domairP ("), such that all their vertices have
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N

negative sign level-set values, for both(P”) and y. Thatis
n 0
e ™ eoMm RV <0; W(RY)<O0;i=1;2:n,
(3.4)
Plasma boundary elements: this set fel »P)g(™ contains elements
lying on the plasma domain boundary (Y @™, such that all their

vertices have negative sign values fory, while yielding positive and
negative (or null) values for g‘). That is

n
e ™M oM y(RY)<0;i=1;2:n;
0
9;m 2f1,2::n,0] f;”)(R}’) 0; MRY)>0 (3.5)

Vacuum elements: this set feV)g" contains elements lying com-
pletely inside the vacuum domain, which corresponds to the region
between both interfaces (P”) and y (or the region insideW but out-
side P(M), such that all their vertices have positive sign for (P”) and
negative sign values for y. That is

n 0

vy ™ e2M RV >0; y(RY)<0;i=1;2:n,

(3.6)

Vacuum vessel elements: this set fel v)g contains elements lying
on the vacuum vessel geometryy @V, such that all their vertices
have positive sign values for ,(3” while yielding positive and negative
(or null) values for . That is

n
gl v) e2Mm RV >0;i=1;2:n,;
0
9;m2f1L2:ngj v(R{) 0; v(Rp)>0 (3.7)

Exterior elements: this setf e)g contains elements lying completely
outside the vacuum vessel regiokV, such that all their vertices have
positive sign level-set values, for bothp and . That is

n 0
el®) e2M RN >0; y(RY)>0;i=1;2:n, (3.8)

where R} are the coordinates of the-th elemental vertex,i = 1;2::n,
with n, the total number of vertices, andM corresponds to the total set of
elements in the mesh.
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Figure 3.3: Mesh elements classi cation in EQUILI at external iteration
k = 1, internal iteration n = 2, for free-boundary problem simulation with

v=@ and (F?): F4E -

Figure 3.3 presents the classi cation obtained in EQUILI during a free-
boundary problem simulation at external iterationk = 1, internal iteration
n = 2, where @QV has been setto y = @ . Subgure a represents the
whole mesh, while sub gureb displays a zoom on the region indicated by a
black rectangle ina. Both interfaces have been plotted on the mesh,? in
green and  in orange. The di erent element sets have been colored using
distinct colors. It can be observed how the elements cut b;fpz) are colored in
yellow, constituting the plasma boundary sef el »)g@®. On the other hand,
elements cut by \ are colored in grey, constituting the x vacuum vessel
setfel v)g. Elements completely inside & constitute setfe)g@ and are
colored in red, while elements betweeng) and  constitute setfeV)g®
and are colored in blue. Becausey = @ , there are no elements from the
computational mesh lying outside , and therefore this example show no
exterior elements, meanind eF)g = ;.

As far as xed-boundary problems are concerned, the mesh elements clas-
si cation is done once at the initialization phase of the code and remains
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unchanged throughout the full simulation, due to the fact that both inter-
faces p and y are xed. On the other hand, for free-boundary problems,
the interface p is free to deform and change according to the progression
towards the equilibrium plasma con guration. This means for the mesh
classi cation that in fact at each iteration where {” changes, the di erent
elements setsf eP)gm, fel PlgM and feV)g™ are recomputed, adapting
to the new plasma state. On the other hand, setéel v)g and fe®)g do
not change because the vacuum vessel geometry, described by does not

change throughout the simulation.

Some comments on the numerical problems encountered for this proced-
ure.

On one hand, the initial implementation of the elemental classi cation
subroutine took into account actually all nodes in the element. While this
feature yields no importance when dealing with linear ( rst order) elements,
the implementation in EQUILI of high-order elements introduced some prob-
lems directly related to that characteristic. In fact, in some cases when using
high-order meshes, there were elements where an interface, eithgror v,
cut twice the same elemental edge, entering and exiting the element through
the same side. This happens when one of the elemental inner-high order
nodes, located between vertices or inside the element, has di erentsign
respect to the values in the vertices.

Figure 3.4 a illustrates this situation in the case of p, and helps under-
stand graphically what is happening. In the gure, the element described
earlier corresponds in fact to the upper underlined element. As it can be ob-
served, the element is thus classi ed as a boundary elemdrd *)g(™, while
yielding all its vertices with the same sign of . This was ne, but the issue
came when trying to integrate numerically over thisfalse cut element. The
rst problem concerns the interface approximation, because there is no way
of nding a linear approximation of an interface cutting twice the same edge,
without the approximation actually lying on the edge. That being said, this
means it is also not possible to tessellate the element following the standard
cut element integration procedure introduced in section 2.6.3. All in all, it
makes no sense to identify such an element as a cut element.

The simplest way of avoiding this kind of numerical issues was to consider
the values only on elemental vertices. However, observe now the neighbor
lower underlined element in gure 3.4a. For that element, the issue resides
in how many times p is cutting the elemental edges. If left unchanged,
the interface cuts 4 times the edges, leading the interface approximation
subroutine directly to failure and thus stopping the code due to error. Hence,
gure 3.4 b presents in fact how this issue has been dealt with in EQUILI: not
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Figure 3.4: Level-set function high-order nodes elemental classi cation cor-
rection. a) Situation where interface p enters and exits an arbitrary element
through the same edge, due to the wrong sign of a high-order nod®. Cor-
rection in the element by changing the sign of the wrong high-order node.

only the elemental classi cation has been left only to the level-set values on
vertices, but also when locating high-order nodes which are not in accordance
with those values on the vertices, the subroutine ips their sign in order to
correct the situation and obtain the resulting scenario shown in sub gurb.

3.6 Interfaces approximation

As mentioned previously in section 2.6.3, in order to integrate over cut ele-
ments taking into account the two di erent domains lying inside the element,
the general approach consists in subdividing the cut element into smaller
child elements molded to adapt to the cut generated by the interface. Non-
etheless, in a rst instance the interface cut is approximated by a linear
polynomial so that it can be more easily treated. That is, basically the inter-
section points between the interface and the elemental edges are computed
and the linear approximation " in the element is de ned as the line joining
those intersection points. In this section, thdr superscript is used to indicate
the magnitude corresponds to an approximation. Such notation is neglected
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Figure 3.5: Linear approximation © of exact interface p on arbitrary
plasma boundary element. The approximation errot" between p and
h corresponds graphically to the area between the curves.

outside this part in order to lighten the notation, notably of (.

Figure 3.5 presents the resulting entities from this process on an arbitrary
element cut by the plasma interface p. The same colors used in previous
gure 3.3 have been used to di erentiate the elements according to the sets
de ned in section 3.5. In order to lighten the notation, the iteration index is
neglected in this section. The exact interfacep de ned by level-set values

p has been drawn in green, separating domaims and W, while its linear
approximation ! is represented by the red segment. The area between both
curves, lying inside the element, represents the approximation errt.

The intersection points are computed using the classical linear interpola-
tion parameter based on the values of the level-set function This can be
applied either for p (asin the case of gure 3.5) or v, when either interface

p OF v is cutting the element. That is, if () and {’ are the values of
at the ends of thei-th elemental edge, interface is cutting that edge if
and only if (1') (2') 0. If that is the case, the linear interpolation parameter
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2 R can be calculated as
(1i)
RO (3-9)
1 2
Now, if R(li) and Rg) are the end points coordinates of the-th elemental

edge, then the intersection point coordinateR l(,'@ can be computed as

RO =@ HRP+ RY (3.10)
Such method is very easy to implement and yields a low computational cost.
However, as usual the price to pay for simplicity is low accuracy, represented
by the approximation error "" drawn in gure 3.5.

A way to compute the exact intersection pointR ,(,'12 would be to solve the
transcendental equation )(R) = 0 constraint so that the point is located
on the i-th elemental edge. In order to do that, the level-set function on the
edge (R) would need to be interpolated using the elementix,l physical shape
functions N and the nodal values {”, such that (R) = NY(R) {.
Furthermore, the expressions for the physical shape functions are very com-
plicated and depend on the elemental nodes coordinates. Thus, to use instead
the reference shape functions this problem would need to be transported
to the reference space, complicating the implementation even more. Only
then the transcendental equation needs to be solved using a nonlinear solver,
such as a Newton-Raphson's method, which is computationally pretty costly.
Even after all this, the intersection point would only be as accurate as the
order of the elemental shape functionEst(') permits, meaning that for linear

Nj(i) the solution would be as good as the one obtained using expressions 3.9
and 3.10, incrementing thus the implementation complexity and computa-
tional cost without any real solution improvement.

Hence, it seems only natural to select the simple methodology. In fact,
even if an error"" is generated during this process, intuitively one may
anticipate that the error is going to decrease as the size of the elements
decreases, that is mesh-re nement.

Figure 3.6 presents the total integrated error are&" between p and ,
summing all plasma boundary elements, as a function of the inverse element
sizeh in logarithmic scale, for triangular and quadrilateral elements. That is,
for di erent meshes with more or less re nement, the linear approximation
error area"" for each cut element is integrated are added to a total values,
which is plotted against the logarithm of the inverse mesh element sie
The element sizeh corresponds in fact to the mean element size in the whole
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Figure 3.6: Total integrated linear interpolation error area'" as a function
of the inverse mean mesh element sitein logarithmic scale, for triangular
and quadrilateral elements meshes.

mesh. As it can be seen, whelog 1=h increases, which is equivalent to have

h decrease, the total error area decreases, for both triangular or quadrilateral
elements. This tendency seems totally reasonable: by looking again at gure
3.5, it can be seen that part of the are&" is due to the curvature of [, com-
pared to the straight line conforming &. Now, such curvature will de nitely
decrease when the cut element becomes smaller. In order words, for smaller
elements the arc of p lying inside the element will "become straighter", thus
converging progressively towards an actual linear polynomial and reducing
the di erence in shape between p and E,.

All in all, as the mesh ish-re ned the linear approximation of the in-
terface becomes more accurate, therefore generating lower geometrical error.
Even though the selected methodology works ne and provides good results
at a very low computational cost, in future development new techniques for
approximating interfaces inside cut elements more accurately may be imple-
mented in EQUILI.
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3.7 OOP and EQUILI object Element

Both EQUILIPY and EQUILI codes are fundamentally based on Object-
Oriented Programming (OOP). OOP is a programming paradigm centered
around the concept of "objects,"” which represent instances of classes that
bundle data (attributes) and functionality (methods). In Python, new nu-
merical objects can be created by de ning them using thelass instance; in
Fortran, the equivalent can be done in this case using the key wordodule
OOP encourages structuring code in a way that models real-world entities,
making it more modular, scalable, and easier to maintain.

As far as OOP is concerned, a frequent technique when developing al-
gorithms based in Finite Elements consists in de ning classes that represent
the di erent components of the method, such as mesh elements, nodes, and
materials. In fact, creating an objectElement is particularly interesting,
used to represent each mesh element in the computational grid. By generat-
ing then an array or list containing all mesh elements, almost all operations
in the FE algorithm can be derived or based in such array. Fundamentally,
that is having a memory array where tha-th entry contains the i-th element
of the mesh, in the form of arElement numerical object. ThisElement class
would encapsulate for instance attributes like elemental nodes coordinates,
connectivities, level-set nodal values... Additionally, methods can be de ned
within the class to compute quantities obtained using interpolation based on
shape functions, or perform numerical integration. Using this methodology,
all processes and operations in the algorithm are intrinsically discretized at
the elemental level, which is precisely the fundamental cornerstone lying at
the core of any Finite Element Method.

Hence, objectElement is key to the well-functioning of both EQUILIPY
and EQUILI. Once the object is de ned, all information and magnitudes
which correspond to that particular element are stored in it. These are
the object attributes, and can be accessed without local de nition in any
subroutine or function implemented in the module.

3.8 Nitsche's method

As mentioned in previous section 2.7, the un tted mesh characterizing Cut-
FEM makes it impossible to impose BC in a strong way. Due to that, BC are
weakly imposed in EQUILI. Imposing BC weakly refers to a numerical ap-
proach where BC are not directly enforced by modifying the solution space
(as done in strong imposition) but instead are incorporated into the vari-
ational form of the problem. This method relaxes the strict imposition of
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Figure 3.7: Result from weak BC imposition using Nitsche's method) BC
values imposed on both interfacesp and  using Nitsche's method. b)
Solution values for elements in setd el »P)gandfel v)g.

BC by allowing the solution to satisfy them in an average or weak sense over
the boundary. Instead of modifying the function space to embed the BC,
they are included as additional terms in the integral formulation. Therefore,
Nitsche's method [49][39] is applied to the Weak Form of the problem in

order to weakly impose the BC on both ,(3”) and , corresponding to E,”)

and “(Bk) respectively.

Weak imposition of BC depends on the penalty parameter 2 R. For
su ciently high value of , the BC will be imposed accurately. However,
this process is fundamentally di erent from the strong imposition, where the
solution values match exactly the BC imposed values. In fact, asincreases
more "strongly" are the BC imposed. Hence, gure 3.7 presents the results in
EQUILI for weak BC imposition using the implemented Nitsche's method.
In this case, the results correspond to a test concerning a xed-boundary
problem with nonlinear plasma current model, where the plasma boundary

p has been xed (thus it needs no iteration superscript) equal to{" and

v = @ . Furthermore, in order to check if Nitsche's method is correctly
and accurately imposing the BC, for this particular xed-boundary problem
simulation, both BC values, p on p and g on .y, have been xed equal
to the nonlinear plasma current analytical solution, given by 2.9. Sub gura
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shows the BC values imposed on the CutFEM system using Nitsche's method
on both interfaces p and . On the other hand, sub gureb shows the
resulting solution values for elements in setf el »)g and fel v)g. Those
values correspond in fact to the solution on the nodes closest to the interfaces,
and therefore are the nodes most sensible to the BC. As observed in the gure,
the solution values match perfectly the imposed BC values, thus proving
the well functioning of Nitsche's method for imposing BC.

3.9 Critical points optimization

As indicated in section 3.3, once the CutFEM system 2.29 is solved, the res-
ulting eld Y must be normalized according to expression 2.12. In order
to do that, critical values o and x for that iteration must be computed.
Recall from section 2.1 that o corresponds to the poloidal magnetic ux
value at the magnetic axisxq, while x concerns the active saddle pointy .
Hence, obtaining " and " basically consists in solving two optim-
ization problems, one for each critical point. As far as the xed-boundary
problem is concerned, only the magnetic axis value((,””) is searched while
™1 is xed to 0.

While Python o ers a variety of built-in solvers, notably implemented
in the library scipy, such asroot or minimize, ALYA does not incor-
porate such functionalities, and thus an optimization problem solver had
to be coded locally for EQUILI. The solver is based on a hybrid method,
combining multiple optimization techniques to leverage their strengths and
mitigate their weaknesses. These solvers often blend low accuracy local step
search quasi-Newton methods, such as gradient-based techniques, with global
highly-accurate nonlinear solvers, such as Secant or Newton-Raphson meth-
ods. By doing so, hybrid solvers can e ciently explore the solution space to
nd global optima while re ning solutions using high-precision methods for
improved accuracy and convergence. This approach is particularly e ective
for complex, non-linear, or multi-modal optimization problems where a single
technique may struggle to nd optimal solutions.

In the case of EQUILI, the hybrid method optimization solver is designed
to be adaptable to the critical point nature which needs to be searched. In
fact, the rst exploration technique depends on whether the critical point is a
maximum, a minimum or a saddle point. Respectively, the algorithm initiates
a gradient ascent, a gradient descent or a Broyden Fletcher Goldfarb Shanno
(BFGS) [53][54] solver in order to close up on the solution. These three meth-
ods correspond in fact to step search gradient-based algorithms, where from
an initial guess the iterative solver determines the search directiom, by
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evaluating the gradient atR, and moves proportionally according to an ad-
aptive step sizesy, progressively approaching the critical point. A line search
in the direction p, is engaged to nd the adequate value of, in order to
guarantee a correct and continuous approximation towards the solution, and
the next point is then computed asRy+1 = Rk + Skpy.-

Now, while the gradient ascent and the gradient descent basically search
in the direction of positive p, = r (Y (R,) and negative gradientp, =
r ("D (R,) respectively, thus fundamentally moving towards maxima o
minima local critical points, BFGS compute9, by preconditioning the gradi-
ent with curvature information yield in the Hessian matrix H,. The search
direction py is in fact computed by solving the system

Hipe = 1 "D (Ry) (3.11)

By adding such topological data, BFGS is able to navigate steadily and
conforms a robust algorithm to nd saddle points. Saddle points are in
fact pretty tricky due to their very nature. They represent critical points
characterized by having at the same time both ascending and descending
directions, and therefore neither gradient ascent nor descent methods are
well suited to nd such points, as they would converge to the solution only
if starting on speci c regions of the domain.

After the rst search converges, the algorithm switches to a Newton-
Raphson method, taking as initial guess the solution from the previous
gradient-based approach. Starting already close to the solution, the Newton-
Raphson method easily converges to the exact solution, with the user- xed
tolerance. Hence, using this two-stage optimization problem hybrid method

solver, EQUILI is able to obtain " and . Figure 3.8 presents the

search paths forxg‘”) and x§<”+1) obtained during the rst search (quasi-
Newton) method at the second iteration for a free-boundary problem simu-
lation. sub gure a shows the full computational domain, while sub gure$
and c correspond to zooms on the search areas A and B fdf”) and x§<”+1)
respectively. Blue arrows correspond to ascending steps, meaning the nal
point has a higher eld value than the starting point. On the contrary,
red arrows are for descending steps. In this case, the magnetic axis critical
point xg”l) corresponds to a maxima, and thus the hybrid method selects a
gradient ascent as initial search method, as it can be observed in sub gure
where the path is ascending. On the other hand, we observe in sub gute
how the BFGS method starting from a very far away point rapidly converges
onto the saddle point, by descending and ascending sequentially. This would
not be possible if using gradient ascent or descent.

An important comment regarding the optimization solver implementation

concerns the evaluation of , its gradient and its Hessian matrix on an arbit-
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Figure 3.8: Hybrid optimization method search paths fox, and xx , obtained
during the rst search (quasi-Newton) method at the second iteration for a
free-boundary problem simulation.

rary point in the computational domain. That s, there is in fact no analytical
expression for , but rather its values on the mesh nodes. However, both
stages in the hybrid method, the quasi-Newton and the Newton-Raphson
method, perform multiple evaluation of the function and its rst and second
order derivatives during the search process, on points which are not in the
set of computational nodes. In order to do that, each time an evaluation is
necessary, the algorithm looks for the element which contains the evaluation
point and interpolates either , its gradient or its Hessian matrix, using the
elemental reference shape functions. This means the evaluation point must
be mapped to the reference space using the inverse isoparametric mag,
given in expression 6.3.

In gure 3.8a, once the active saddle poinb<§<”+1) is located and the
(n+1)

critical value is computed, one can plot the black dashed curve, which
corresponds to the (" eld contour level with value §<"+1). It can be

observed how the contour encloses a region and intersects exactly(‘;zﬁ”) :
corresponding more or less to the lowest point from the closed domain. As
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de ned previously in 2.1, this contour contains in fact the the separatrix,
which enclosesP. As expected by de nition, nding §<”+1) intrinsically

means obtaining g‘”). Thus, as indicated in gure 3.2, after normalizing

("+1) the next step consists in updating theP's shape, parametrized by

(D | via the " -level contour, which for the normalized eld (™1
corresponds in fact to the O-level contour.
Nonetheless, this isn't simply setting &' = (D due to the diverted

region appearing on the opposite side of the saddle point. The normalized
new solution eld must in fact be treated and modi ed before being used as
new plasma boundary level-set. This numerical procedure is tackled in the
following section.

3.10 Plasma region geometry updating

As far as the free-boundary problem is concerned, once the normalized pol-
oidal magnetic ux eld (™1 is obtained, EQUILI checks for any variation

in the resulting plasma boundary interface 0" . In fact, if the computed

active saddle pointx{{*? diers from the previous solution x{{’, then the
plasma regionP has been deformed and the plasma boundary level-sat
must be updated according to the new equilibrium solution.

The process consists in adapting the ("3 eld values to the level-set
function formalism seen in section 2.6.2, de ned in 2.25. Figure 3.9 presents
the key steps of such procedure, taken from the rst iteration (external iter-
ation k = 1, internal iteration n = 1) in a free-boundary problem simulation.
Sub gure a displays the eld solution, on which its O-level contour has been
drawn with a black dashed curve, and the initial plasma boundary interface

(PO) (which corresponds in fact to the ,(30) O-level contour) has been plotted
in red. Both critical points Xo and xx are also indicated using crosses.

On the other hand, sub gureb represents the sign function evaluated on

, SO basically the same solution shown ia. The O-level contour divides
the computational domain in 3 regions, on which the corresponding sign has
been indicated, that is positive for yellow and negative for violet.

Now, sub gures a and b illustrate in a simple way why the solution
cannot be taken straight as the new p nodal values. First, the region
enclosed by the 0O-level contour has positive sign, which is the opposite to

the de nition introduced in 2.25, where interior regions are de ned with

< 0. Therefore, the rst step in order to adapt into p is to ip the
sign in all domains. Then, the second and last step consists in dismissing the
divertor region, standing opposite toP respect toxx . In order to do that,
the valuesr;y and z,, are computed and correspond respectively to the
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Figure 3.9: New plasma boundary level-set function nodal values computa-
tion process, obtained by adapting eld. a) Computed , with critical

points Xo and Xx, O-level contour = 0 and initial plasma boundary (PO).
b) Sign function evaluated on , with r and ze, plotted values. ¢) Sign

function evaluated on resulting eld, which is taken as the newp.

coordinate of the leftmost point from the enclosing O-level contour and the
active saddle pointZ coordinates (that isz, = Zx ). Their respective level
lines are drawn in sub gureb, so it can be visualized how is split by these
values. In fact, to dismiss the divertor region, the values from nod€&; Z)
such thatR <r |,y andZ <z o, are set to positive, by taking their absolute
value.

After applying these transformations to the eld, the sign function
of the resulting eld is plotted in sub gure c, yielding the absolute values
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from . As it can be observed, such eld matches perfectly the level-set
function description from expression 2.25, and at the same time its O-level
contour matches the new equilibrium plasma boundary(l). Hence, the eld

P
represented inc can be in fact taken as the new p nodal values.
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4. Numerical results
4.1 ITER parameters

In a rstinstance, the characteristic parameters are presented for three toka-
mak reactors: JET, ITER (under construction) and the designed DEMO
reactor (see Table 4.1[55]). Such parameters will be used for simulations
in both xed and free boundary problems, for both codes developed. The
majority of this parameters are speci ed in the input le, before launching
the plasma equilibrium simulation, among others parameters related with nu-
merical processes performed in EQUILI, for instance tolerances and maximal
number of iterations, etc. As far as xed-boundary problems are concerned,
the parameters related with tokamak con ning magnets are irrelevant, and
therefore the code can be used for di erenitV geometries.

In tables 4.2 and 4.3 is presented the information concerning the loca-
tion [2] and the circulating current [36] for the external con ning coils and
solenoids for ITER machine. Such positions describe indeed approximately
the ITER layout geometry displayed previously in gure 2.4. Notice that
in these tables the current for coils and solenoids present both positive and
negative signs, indicating thus di erent circulation directions. Such current
con guration is absolutely necessary in order to generate a saddle point in
the plasma toroidal magnetic ux topology.

Using the speci ed parameters, several simulations were conducted on
both EQUILIPY and EQUILI, for di erent plasma model cases (see section
2.2) and using di erent meshes, re ned in bothp (polynomial degree) and
h (element size) in order to validate the codes. The numerical results are
presented in the upcoming sections.

For each code, both analytical cases, that is linear (eq. 2.6) and nonlinear
(eq. 2.10) plasma current models, are simulated, as well as free-boundary
problems based on the pro les' plasma current model (eq 2.11).

4.2 EQUILIPY

4.2.1 Fixed-boundary linear plasma current problem

As explained in section 2.2, frequently newly developed codes include test
problems with analytical solutions in order to validate the code [2].

From the several models presented in literature, linear plasma current
model, de ned by expression 2.6 is the simplest. Using a de ned current
2.6, the analytical solution is given by expression 2.8. Figure 4.1 presents
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Parameter ITER DEMO JET

Major radius Ry (m) 6.2 9.25 2.96
Minor radius ro (M) 2 2.64 1.25-2.10
Toroidal magnetic eld Bg (T) 5.3 6.8 3.45
Plasma currentl, (MA) 15 18.6 4.8
Safety factorq 1.0 1.1 1.0
Inverse aspect ratio" 0.677 0.715 0.291-0.578
Elongation 1.7 1.52 1.68
Triangularity 0.33 0.33 0.4

Table 4.1: ITER, DEMO and JET parameters

Coils Rel (in m) Zeol (in m) | ol (in MA)
PF1 3.9431 7.5741 5.73
PF2 8.2851 6.5398 -2.88
PF3 11.9919 3.2752 -5.81
PF4 11.9630 -2.2336 -4.78
PF5 8.3908 -6.7269 -7.81
PF6 4.3340 -7.4665 16.94

Table 4.2: ITER external con ning coils positions [2] and current intensities
[36]

Solenoids | Rf®® (inm) | Z® (inm) | Z9e (inm) | 1€ (in MA)
Csi 1.696 -5.415 -3.6067 5.3
CS2 1.696 -3.6067 -1.7983 -10.3
CS3 1.696 -1.7983 1.8183 -41.6
Cs4 1.696 1.8183 3.6267 -4.05
CS5 1.696 3.6267 5.435 -4.82

Table 4.3: ITER external con ning solenoids positions [2] and intensities [36]
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Figure 4.1: Linear plasma current model xed-boundary results, with p =
in-and N, = 13092second order triangular elements mesta) exact solution
exact- D) EQUILIPY numerical results. c) Absolute error” = | exact j

in logarithmic scale.

the results of this simulation, where » = " (see gure 3.1), with linear
plasma current and a mesh constituted dfle = 13092 second order triangular
elements (quadratic triangles). For all subplots only theactive nodeshave
been represented, that is the nodes which lie insid®, corresponding in fact
to nodes in elements fronfe®)g and fel P)g. Sub gure a represents the
exact solution e4act, Obtained by evaluating expression 2.8, while sub gure
b presents the numerical solution eld obtained with EQUILIPY. It can
be observed how EQUILIPY reproduces quite accurately the shape of the
poloidal magnetic ux isocurves.

To complete such qualitative observation, the absolute errdr= | exact

j has been calculated and plotted in sub gure using a logarithmic scale.

The error ranges betweerl0 6 . " . 10 8, hitting machine error 10 16
on the plasma boundaries, where the exact analytical values are imposed as
BCs.

Noticing that values for oscillate around / 10 2, this means the max-
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imal absolute error obtained is aboumax(") / 10 #, which is an acceptable
numerical error. This surely comes in part from approximating the geometry
p, as explained in section 3.6.

Following the analysis of this case, the same problem has been simulated
using several di erent meshes, for triangular and quadrilateral elements, for
di erent element order (p re nement) and element size if re nement). For
each case, the, error norm jj"_,jj 2 R has been computed such that

S

-
L

"l = exact d (4.1)

following the general de nition.

The results forjj" ,jj are presented in gure 4.2 respect to the inverse
element size valuel=h, in logarithmic scale. Plotting respect tol=h instead
of h means that the elements become smaller as one moves right in the
horizontal axis. Additionally, a dashed line in black represents then = 1
slope line in logarithmic scale. Hence, basically gure 4.2 shows tfjé,,jj
error norm convergence rates as a function d&h for di erent elements.
As far as triangular elements are concerned (TRI), it can be observed how
ji"L,)] decreases logarithmically with respect td=h. Comparing with the
dashed black line, it can be easily seen how the di erent curves seem parallel
respectively, thus meaning their convergence rates are linear (logarithmic).
Thatis: jj"L,jj/ O (1=h)/0O (h).

It must be remark that for standard FEM, the expected convergence rates
for the L, error norm arejj",,jj/ O (hP*'), wherep is the polynomial degree
of the basis functions. In CutFEM, if the interface is handled properly, for
instance using accurate integration over cut elements and stabilization tech-
niques like Nitsche's method, similar convergence rates can be achieved, even
with the non-conforming nature of the mesh. Hence, this means the expec-
ted convergence rates when solving the linear plasma current xed-boundary
problem using CutFEM were alsdj",jj/ O (hP*l), therefore di ering from
the numerically obtained O(h) rates, for either linear (TRI03), quadratic
(TRIOG6) or cubic (TRI10) triangles. Thereby, it seems that increasing the
order of triangular elements plays no role in improving the error convergence
rate.

Nonetheless, at the same time the curves, while remaining parallel with
respect to each other, are separated vertically. This separation corresponds
in fact to the decrease of the geometrical error in the approximation of the
interface. That is, by increasing the order of the mesh elements, the higher-
order polynomial shape functions are able to better capture the interface
geometry.
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Figure 4.2: L, error norm jj"_,jj convergence rate respect inverse element
sizel=hin logarithmic scale, for di erent elements. The dashed line in black
corresponds to them = 1 slope line in logarithmic scale.

4.2.2 Fixed-boundary nonlinear plasma current prob-
lem

Carrying on, EQUILIPY is now set for the nonlinear plasma current model
2.10, for which the analytical solution is given by expression 2.9. In this
case, the xed plasma boundary is also taken as = |, providing a good
approximation for the tokamak's rst wall geometry. On such interface p,
the analytical solution 2.9 is prescribed as BC valuesp. In this way, the
code should solve the BVP and converge to the analytical solution inside the
domain, validating once again the algorithm's correct functioning.

Hence, similarly to the gure 4.1 for the previous linear plasma current
case, gure 4.3 presents the results obtained after running the nonlinear
plasma current model in EQUILIPY on a mesh constituted oN, = 13092
linear triangular elements. Onlyactive nodeshave been represented in the
di erent plots. Sub gure a represents the exact solution ¢act, Obtained by
evaluating expression 2.9, while sub guré presents the numerical solution
eld obtained with EQUILIPY. Once again, EQUILIPY reproduces quite
accurately the analytical solution of the BVP. To contrast such observation,
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