
UNIVERSIT �A DEGLI STUDI DI PADOVA
Dipartimento di Fisica e Astronomia \Galileo Galilei"

Master Degree in Physics of Data

Final Dissertation

AI-accelerated solution of Maxwell's equations for the

simulation of high-temperature superconductors

dedicated to nuclear fusion

Thesis supervisors Candidate

Prof. Dr. Mervi Mantsinen Diego Bonato

Prof. Lidia Piron

Dr. Eduardo Cabrera Flores

Academic Year 2024/2025





Contents

1 High-temperature superconductors for fusion and MAGNET 3

1.1 An overview of Electromagnetism . . . . . . . . . . . . . . . . 4

1.2 Superconductivity and MAGNET modelling . . . . . . . . . . 7

1.3 ALYA and MareNostrum 5 . . . . . . . . . . . . . . . . . . . 9

2 Scienti�c Machine Learning 11

2.1 Introduction to deep learning and neural networks . . . . .. . 12

2.2 SciML . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.3 Physics Informed Neural Networks . . . . . . . . . . . . . . . 21

2.4 Neural Operators . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.4.1 Fourier Neural Operator . . . . . . . . . . . . . . . . . 28

2.5 Vision Transformer and Adaptive Fourier Neural Operator . . 29

3 Methodology 34

3.1 Problem statement . . . . . . . . . . . . . . . . . . . . . . . . 34

3.2 Dataset creation, management and analysis . . . . . . . . . . .35

3.2.1 Dataset creation . . . . . . . . . . . . . . . . . . . . . 35

3.2.2 Data management . . . . . . . . . . . . . . . . . . . . 39

3.2.3 Dataset statistics - exploratory analysis . . . . . . . . .41

3.3 General methodology for model selection . . . . . . . . . . . . 45

3.4 Processing pipeline . . . . . . . . . . . . . . . . . . . . . . . . 47

3.5 Training pipeline . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.5.1 Training strategy . . . . . . . . . . . . . . . . . . . . . 50

3.5.2 Learning framework . . . . . . . . . . . . . . . . . . . . 51

3



Contents Contents

4 Results 55

5 Conclusions and future works 74

Bibliography 77

4



Abstract

High-temperature superconductors (HTS) are a key enabler forthe next gen-

eration of nuclear fusion reactors, thanks to their abilityto sustain high mag-

netic �elds while reducing power consumption. However, accurately modeling

their electromagnetic behavior requires solving Maxwell's equations through

computationally expensive numerical simulations. In thiswork, we propose

an AI-accelerated approach to solving Maxwell's equations for HTS mate-

rials, leveraging state-of-the-art deep learning techniques. Speci�cally, we

train an Adaptive Fourier Neural Operator (AFNO) and a Fourier Neural

Operator (FNO) on a dataset generated using MAGNET, a �nite-element

solver developed at the Barcelona Supercomputing Center. We obtain an AI

model that can predict the magnetic �eld evolution on a coarse time grid,

in a completely unsupervised way. This approach opens new possibilities for

integrating AI-based surrogate models into large-scale fusion simulations, po-

tentially enabling real-time digital twins for superconducting magnet design.



Introduction

Recent years have seen a renewed interest in nuclear fusion as a possible

source of clean energy for the upcoming future. Many countries are now di-

recting a lot of funding towards research institutes and bigpublic enterprises

like ITER, not to mention the growing landscape of private start-ups that are

entering the market of nuclear fusion for energy. The current run for achiev-

ing this scienti�c goal is mainly driven by new technological advancements

involving magnetic con�nement devices, like tokamaks, which are considered

to be the most promising con�gurations for a future fusion reactor. In partic-

ular, the breakthrough brought by type-II high-temperature superconductors

(HTS) is veering many e�orts towards the study of their implementations for

large toroidal coils in these devices.

To characterise the behaviour of these materials, large numerical simulations

are required, which are usually very expensive and resource-intensive. This

is a situation that is now widespread in all areas of science,where costly sim-

ulations are a fundamental tool to explore new phenomena andbenchmark

models. An increasingly important aid in this respect is being provided by

the �eld of Scienti�c Machine Learning (SciML). Thanks to the recent ad-

vancements in deep learning (DL), literature is now 
ourishing with new

arti�cial intelligence (AI) tools, as means to integrate traditional numerical

solvers with data-driven surrogate models.
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Problem statement

Given these premises, the scope of this thesis is to apply a state-of-the-art DL

algorithm to speed-up numerical simulations of HTS materials. In particu-

lar, we focus on solving Maxwell's equations for a section ofa superconduct-

ing current-carrying wire, in the in�nitely long approximation. We create a

dataset of high-�delity numerical simulations, comprising a variety of materi-

als, initial and boundary conditions. We develop an AI surrogate model that

autonomously evolves these systems in a fully unsupervisedmanner, requir-

ing only the initial solution as a starting point. As will be described more in

details in the later sections, we train an Adaptive Fourier Neural Operator

(AFNO) on a dataset created with MAGNET, a Maxwell's equations numer-

ical solver developed by the Fusion group at the Barcelona Supercomputing

Center. As far as the authors are aware of, this is the �rst timemodels based

on neural operators are used to speed-up simulations of HTS.

This thesis is laid out as follows. Chapter 1 gives some theoretical basis

about HTS, that will be needed to understand the data producedby MAG-

NET. Chapter 2 presents a small introduction to DL and brie
y reviews the

literature concerning SciML, focusing on Neural Operators.Chapter 3 fol-

lows, where we detail the methodology and techniques used todevelop the

AI algorithm. Finally, results are presented in chapter 4. Conclusions and

future works are displayed in chapter 5.
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Chapter 1

High-temperature

superconductors for fusion and

MAGNET

High-temperature superconductors (HTS) are playing a fundamental role in

the advancement of research on fusion reactors. For this reason, the Fusion

group at the Barcelona Supercomputing Center has developedMAGNET [1],

a Maxwell's equations numerical solver based on �nite-element methods, that

simulates the behaviour of di�erent HTS materials. The code is integrated

into ALYA, a framework focused on achieving high scalability and perfor-

mance for multi-physics simulations on large-scale supercomputers.

The goal of the present chapter is to give the reader the key tools to un-

derstand what MAGNET does and the data that it produces, whichwill be

eventually used to train the AI algorithm. To this end, we �rst present an

overview of the physics behind HTS, then move our focus on the computation

performed by MAGNET.
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Chapter 1. High-temperature . . . 1.1. An overview of Electromagnetism

1.1 An overview of Electromagnetism

The macroscopic electromagnetic behaviour of media is described by Maxwell's

equations:

r � D = � f ;

r � B = 0;

r � E = �
@B
@t

;

r � H = J f +
@D
@t

:

(1.1)

where H is the external magnetic �eld andB is the magnetic 
ux density.

The two are linked through the de�nition of the magnetization M via the

following equation:

B = � 0(H + M ) (1.2)

where � 0 is the vacuum magnetic permeability, with� 0 = 4� � 10� 7 H/m.

Moreover, the electric displacementD is given by the following equation,

whereE is the electric �eld, P is the polarization vector, and� 0 = 1
� 0 �c is the

vacuum permittivity ( � 0 � 8:854� 10� 12 F � m� 1, and c is the speed of light

in vacuum).

D = E � � 0 + P (1.3)

The magnetizationM and the polarizationP can be seen as the response of

the material to an external magnetic and electric �eld, respectively.

Finally, we need to consider the currents and charge densities. In a vac-

uum, all charges and currents are free, but in a medium, some charges are

intrinsic to the material and are bound (� b). Other charges are free and can

move while maintaining electrostatic equilibrium; these are denoted as� f in

4



Chapter 1. High-temperature . . . 1.1. An overview of Electromagnetism

equation (1.1). The total charge density is the sum of these two components.

We can use these de�nitions to give a relation between the currents, the

magnetic �eld, and the magnetization:

r � H = J f

r � M = Jb

r � B = � 0(J f + Jb)

Furthermore, we can introduce the notion of magnetic susceptibility � m ,

de�ned by

M = � mH

This susceptibility re
ects the material's responsiveness to an external mag-

netic �eld; the greater the susceptibility, the higher the magnetization in-

duced in the material by the magnetic �eld.

At this point, we can use the latter de�nitions to obtain a direct relationship

betweenB and H ,

B = � 0(H + M ) = � 0(1 + � m )H = � 0� r H = � H (1.4)

where � r is the relative permeability of the material, and� = � 0� r is the

absolute permeability. This relationship shows how the magnetic �eld B

depends on both the applied �eldH and the material's magnetizationM ,

with the material's properties encapsulated in the permeability � .

A similar approach can be taken to describe the behavior of electric �elds in

media. In this case, the electric displacement �eldD is de�ned by equation

(1.3). Analogously to the relationship betweenB and H , the polarization
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Chapter 1. High-temperature . . . 1.1. An overview of Electromagnetism

vector P can be expressed in terms of the electric susceptibility� e:

P = � 0� eE:

By substituting this relation into the equation for 1.3 we obtain:

D = � 0(1 + � e)E = � 0� r E = � E;

where � r = 1 + � e is the relative permittivity of the material, and � = � 0� r

is the absolute permittivity. The latter equation shows howthe material

modi�es the applied electric �eld, resulting in the electric displacement �eld

D .

Also, a relation between the polarization and the divergenceof the �eld can

be given.

r � D = � f

r � P = � � b

r � E =
� f + � b

� 0

Finally, given the current density j and the magnetic �eld B , the Lorentz

force per unit volume can be computed:

F = j � B (1.5)

6



Chapter 1. High-temperature . . . 1.2. Superconductivity and. . .

1.2 Superconductivity and MAGNET mod-

elling

Superconductivity refers to a macroscopic electromagnetic phenomenon in

which the resistance of materials drops to zero below a certain temperature

and all the external magnetic �elds are repelled at the same time [2]. Con-

duction is a fundamental property of materials, governed bytheir ability to

transport electrical current. Conductivity, denoted � , spans an extensive

range, from excellent conductors like copper (1:77� 10� 8
 � m) to insulators

such as glass (� 1014
 � m). Mathematically, conductivity relates the current

density J to the electric �eld E:

J = � E: (1.6)

In superconductors, this relationship changes drastically, as they exhibit zero

resistivity below a critical temperature Tc. This phenomenon enables per-

sistent current without energy dissipation, a remarkable deviation from con-

ventional conductive behaviour.

Superconductivity depends on speci�c conditions de�ned bythree critical

parameters:

ˆ Critical Temperature ( Tc) : The maximum temperature at which a

material remains superconducting.

ˆ Critical Current Density ( Jc) : The highest current density a su-

perconductor can carry without losing its superconductingstate.

ˆ Critical Magnetic Field ( Bc) : The threshold magnetic �eld beyond

which superconductivity is destroyed.

Above these critical limits, the material reverts to its normal resistive state.

Superconductors can be divided into two main groups according to their Crit-

ical Temperature. On one hand, we have Low-Temperature Superconductors

7



Chapter 1. High-temperature . . . 1.2. Superconductivity and. . .

(LTS), which exhibit a superconducting behaviour only at temperatures be-

low 77 K, the boiling point of liquid nitrogen. These are mainly metals and

alloys and are cooled with liquid Helium. On the other hand, all material

that have superconducting properties at temperature above77K are called

High-Temperature Superconductors (HTS). HTS have many properties that

make them more suitable for fusion applications. First of all, they can be

cooled down using liquid nitrogen, which is cheaper and easier to obtain

than liquid helium [1]. Secondly, as they operate at higher temperatures

with respect to LTS, they would require less power to be refrigerated in a

cryogenic system used in a fusion plant like ITER. Moreover,HTS materials

can achieve signi�cantly higher magnetic �elds compared toLTS, with RE-

BCO being the most promising one for fusion applications [3]. For example,

HTS coils have enabled magnetic �elds up to 45.5 T in laboratory settings,

which is critical for compact and high-performance fusion devices [4]. This

allows also for more compact magnet designs, enabling smaller and more

e�cient fusion reactors.

The two most common constitutive models used to link the electric �eld E

and current densityJ in superconductors are the critical state model (CSM)

and the eddy current model (ECM). In the CSM, a non-zeroE within the

superconductor inducesJ in the same direction and with a magnitude equal

to the local critical current density Jc. This model provides a foundation

for predicting key characteristics of HTS materials and devices, such as the

distributions of current density and magnetic �eld pro�les. On the other

hand, a smooth power law dependence is assumed in the ECM, namely

E =
Ec

Jc

�
jJ j
Jc

� n� 1

J (1.7)

The critical electric �eld Ec, typically around 10� 4 V=m, and the parame-

ter n characterize the vortex 
ux creep, which reduces the penetration of

�eld lines into the material. The n value is determined by the superconduc-

tor's nonlinear current-voltage relationship and generally ranges from 5 to

8



Chapter 1. High-temperature . . . 1.3. ALYA and MareNostrum 5

30, depending on the material properties [5]. TheJ-E relationship shows

good adaptability to di�erent materials, as n = 1 corresponds to Ohm's law,

while n ! 1 represents the critical state model (CSM). This widely-used

framework in the community has been adopted in MAGNET. To compute

the resistivity in equation (1.9), MAGNET uses the followingexpression:

� =
Ec

Jc

�
jr � H j

Jc

� n� 1

(1.8)

Building on this theoretical foundation, MAGNET numerically solves Maxwell's

equations in the H-formulation, which is a common choice whendealing with

HTS simulations. It can be shown that equations (1.1) are equivalent to

� 0@tH + r � � r � H = 0 (1.9)

where� is the resistivity of the media.

Solving this equation, MAGNET produces as an output the values of thex, y,

and z-components of the magnetic �eld for each time step of the simulation.

1.3 ALYA and MareNostrum 5

MAGNET is a module developed as part of the broader ALYA framework, a

software created by the Computer Applications in Science andEngineering

department (CASE) at the Barcelona Supercomputing Center. ALYA is

based on �nite-element methods to solve multiphysics problems and designed

to run with high e�ciency in an HPC infrastructure [6].

In particular, the Fusion group aims at developing a digitaltwin of a fusion

reactor, and has already developed two modules integrated in ALYA, NEU-

TRO and MAGNET, that simulate neutron transport and HTS materials,

respectively. More modules are being developed to completely character-

ize the plasma state in a fusion reactor, starting from plasma equilibrium,

to wave propagation in hot plasma, while also study breedingblankets and
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Chapter 1. High-temperature . . . 1.3. ALYA and MareNostrum 5

Component Details
Node Types MareNostrum 5 GPP (General Purpose Partition)
Total Nodes 6,192
Processors 2x Intel Xeon Platinum 8480+ 56C 2GHz
Main Memory 16x DIMM 16GB 4800MHz DDR5
Local Storage 960GB NVMe
Network 100Gb/s bandwidth per node)
Total Compute Units 726,880

Table 1.1: MareNostrum 5 general purpose partition speci�cations

Component Details
Node Type MareNostrum 5 ACC (Accelerated Partition)
Total Nodes 1,120 nodes
Processors 2x Intel Xeon Platinum 8460Y+ 40C 2.3GHz (80 cores per node)
GPUs 4x NVIDIA Hopper H100 64GB HBM2
Main Memory 16x DIMM 32GB 4800MHz DDR5 (512GB per node)
Local Storage 480GB NVMe
Network 800Gb/s bandwidth per node
Total Compute Units 680,960 (CPUs + GPUs)

Table 1.2: MareNostrum 5 accelerated partition speci�cations

plasma disruptions using magneto hydrodynamics.

This work has been developed using MareNostrum 5, a pre-exascale Eu-

roHPC supercomputer that combines Lenovo ThinkSystem SD650V3 and

Eviden BullSequana XH3000 architectures, providing two partitions with

di�erent technical characteristics [7]. The �rst is called General Purpose

Partition (GPP), which is used to perform CPU-bounded tasks,like parallel

numerical simulations. In total, the GPP counts of 726,880 processor cores

and 1.75PB of main memory. The second partition is the Accelerate Partition

(ACC), made of 1,120 nodes based on Intel Xeon Sapphire Rapidsproces-

sors and NVIDIA Hopper GPUs, which amount to a total (CPUs + GPUs)

of 680,960 compute units. The properties for each node are summarised in

tables 1.1 and 1.2. MareNostrum 5 has a total storage capacityof 650 PB,

with each group using the machine allocated a speci�c quota.The CASE

department has been assigned 1171.87 TB, of which 1104.22 TBis currently

in use at the time of writing.
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Chapter 2

Scienti�c Machine Learning

The aim of this chapter is to delineate the general theoretical framework

needed by a non-expert reader to understand the context in which the present

work is set.

First, we present a basic introduction to deep learning, laying out the minimal

lexicon and ideas necessary to understand how and why neuralnetworks

work. Second, we introduce the topic of Scienti�c Machine Learning (SciML),

giving an overview of some of the approaches and solutions proposed in the

literature, applying arti�cial intelligence to physics and engineering problems.

Finally, we enter into the technical details of the models developed for this

project, describing in details the theory behind Neural Operators and Vision

Transformers. We focus on these models because they showed great results

in solving PDEs in literature. More precisely, we use as a reference the work

of Pathak et al. [8], where an Adaptive Fourier Neural Network isused

to do weather forecasting in an autoregressive manner. We build on this,

using data from MAGNET instead of meteorological data. In addition, we

compare the Adaptive Fourier Neural Network with a simple Fourier Neural

Operator. The former is an adaptation to images of the latter, so we think

it is an interesting comparison.

11



Chapter 2. Scienti�c Machine . . . 2.1. Introduction to deep learning . . .

2.1 Introduction to deep learning and neural

networks

Arti�cial Intelligence (AI) is a broad �eld of computer science that branches

into many di�erent areas, which can vary signi�cantly in terms of problem

setting and methods.

AI is the study of agents that process information from their environment

and take actions accordingly. Each agent operates based on afunction that

maps sequences of information to speci�c actions. These functions can be im-

plemented through various approaches, including reactiveagents, real-time

planning, decision-theoretic models, and deep learning techniques [9]. Learn-

ing plays a central role in AI, both as a means of building capable systems

and as a strategy for enabling them to adapt to unfamiliar environments be-

yond the designer's direct speci�cations. AI algorithms span a wide range of

applications, including web search engines, recommendation systems, virtual

assistants, autonomous driving, and natural language processing.

Machine learning (ML) is the branch of AI that uses statistical principles

to develop algorithms that can learn to perform tasks without being explic-

itly programmed to do so. The most relevant advancements in this �eld is

related to deep learning, a sub-branch of ML which leverageson arti�cial

neural networks (NNs) to perform speci�c tasks directly from data. In this

section, we describe what neural networks do, what are the tasks that they

can perform and what algorithms are used to reach this goal.

The building block of a NN is the neuron. A neuron consists in a linear

operation applied to a vector, which represents our data, followed by a non-

linear function � , called activation function. A NN is an arrangement of

neurons that perform operations multiple times. We call anarchitecture

a speci�c arrangement of neurons. The quintessential architecture is the

Feed Forward Neural Network (FFNN), which can be represented as a direct

acyclic graph, where neurons are arranged inlayers, and all the neurons of

a layer are connected to all the other neurons in the previousand following

12



Chapter 2. Scienti�c Machine . . . 2.1. Introduction to deep learning . . .

layer. Overall, the operation performed by a layer can be written as:

f layer (v) = � (Wv + b) (2.1)

whereW is a matrix of parameterswi , which are calledlearnable parameters

or weights, v is an input vector representing data andb is a scalar value

called bias. The strength of the connection between neurons is given by the

learnable weightwi . Nowadays, the most used activation function is the

Recti�ed Linear Unit (ReLU), which takes the following form:

ReLU(x) = max(0 ; x) (2.2)

and is applied locally to each element of the vector, that we call x [9]. Another

important activation function is the Gaussian Error Linear Unit (GELU)

[10]:

GELU(x) = x�( x) (2.3)

where � is the cumulative Gaussian distribution, that is

GELU(x) = xP (X � x) = x�( x) = x �
1
2

h
1 + erf(x=

p
2)

i
(2.4)

Given an architecture, a deep learning algorithm consists in �nding the op-

timal parameterswi , such that the NN can approximate, orlearn, a certain

function, operator or probability distribution. For example, we could train a

NN on a dataset composed of meteorological measurements taken with a cer-

tain frequency over a certain period of time, including temperature T, pres-

sure p, and humidity h, each in their appropriate units. Also, each of these

comes with a label corresponding to a \sunny", \cloudy" or \rainy" day. In

this case, we want the NN to approximate the functionf : A ! f e1; e2; e3g,

13
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where

e1 =

0

B
@

1

0

0

1

C
A ; e2 =

0

B
@

0

1

0

1

C
A ; e3 =

0

B
@

0

0

1

1

C
A

represent the label \sunny", \cloudy" and \rainy", respectively. A � R3

is the space of vectors representing all possible combinations of the three

measurements (T; p; h).

The trained network would be a parametric approximation off , namely f w ,

made of subsequent compositions of functionsf layer , such that every input

vector v representing a weather measurement gives as an output the corre-

sponding labele1 if it is a sunny day, e2 if it is a cloudy one, e3 if it is

rainy.

In order for the training to take place, a task performed by a NNneeds

to be translated into an optimization problem, thus de�ning an objective

function that the training algorithm will minimize. This ob jective function

is called the loss function. For example, to perform the classi�cation task

just described, one could de�ne the loss function as:

L = �
1
N

NX

i =1

3X

c=1

yi;c log(pi;c ) (2.5)

whereN is the total number of training samples,yi;c is the one-hot encoded

label for the i -th sample and classc, and pi;c is the predicted probability

for the i -th sample and classc. This particular loss function L is called

categorical cross-entropyand it is the standard for multi-class classi�cation

problems.

At this point, it is necessary to de�ne anoptimizer, which is a speci�c choice

of the algorithm that updates the weightswi , given the current loss status.

The process of updating the weights of the model given the loss is called

backpropagation. There are many optimizers that perform backpropagation,

with two of the most popular beingStochastic Gradient Descent with mo-

14



Chapter 2. Scienti�c Machine . . . 2.1. Introduction to deep learning . . .

mentum (SGD) and Adaptive Moment Estimation (ADAM). Both of them

use the gradients of the loss function to �nd the parameterswi that minimize

it. The SGD algorithm works as follows.

1: Input: Learning rate � , momentum coe�cient � , number of iterations

T, training data f (x i ; yi )gN
i =1

2: Initialize: Parametersw(0) , velocity v(0) = 0

3: for t = 1 to T do

4: Select a random sample (x t ; yt ) from the dataset

5: Compute the gradientr wL (w; xt ; yt ) of the loss function with respect

to the parameters

6: Update the velocity:

v(t ) = �v (t � 1) + (1 � � )r wL (w(t � 1); xt ; yt )

7: Update the parameters:

w(t ) = w(t � 1) � �v (t )

8: end for

9: Output: Optimized parametersw(T )

On the other hand, the ADAM algorithm is the following.

1: Input: Learning rate � , � 1, � 2, � , number of iterationsT, training data

f (x i ; yi )gN
i =1

2: Initialize: Parametersw(0) , moment estimatesm(0) = 0, v(0) = 0, time

step t = 0

3: for t = 1 to T do

4: Select a random sample (x t ; yt ) from the dataset

5: Compute the gradientr wL (w; xt ; yt ) of the loss function with respect

to the parameters

6: Update the biased �rst moment estimate:

m(t ) = � 1m(t � 1) + (1 � � 1)r wL (w(t � 1); xt ; yt )

15
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7: Update the biased second moment estimate:

v(t ) = � 2v(t � 1) + (1 � � 2)(r wL (w(t � 1); xt ; yt ))2

8: Compute the bias-corrected �rst moment estimate:

m̂(t ) =
m(t )

1 � � t
1

9: Compute the bias-corrected second moment estimate:

v̂(t ) =
v(t )

1 � � t
2

10: Update the parameters:

w(t ) = w(t � 1) � �
m̂(t )

p
v̂(t ) + �

11: end for

12: Output: Optimized parametersw(T )

In practice, before starting the training phase, one divides the dataset into

training, validation and test set. The training set is used to update the

weights of the model, while the validation set is used to assess the perfor-

mance of the NN on unseen data. The user will change the hyperparameters

of the model (such as the learning rate in the previous algorithms) based

on the performance of the model on the validation set. Finally, the test set

is used only at the end of the training, to evaluate how the model behaves

on previously unseen data. The training phase consists in applying itera-

tively the computations described above on subsets of the training set, called

batches. An epoch consists in one complete iteration of the optimizer over

the whole training set, and the training phase consists in multiple epochs.

All recent development in deep learning has been obtained using NNs, all of

which rely on the steps just described, even though with muchmore sophis-

ticated architectures with respect to FFNNs.
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Let us make a numerical example related to the aforementioned classi�cation

problem. One instance of the dataset is treated as a vectorv 2 R3, where each

dimension (also calledfeature, in this context) corresponds to a measured

quantity. For example,

v =

0

B
@

15

10001:3

0:77

1

C
A

corresponds to a measurement of 15� C, 10001:3 mmbar and a humidity of

77%.

An overly simpli�ed architecture to solve this problem can beconstituted

of a FFNN made of one hidden layer, with 3 neurons. The hidden layer is

e�ectively a 3 � 3 matrix W of learnable weightswij ,

W =

0

B
@

w11 w12 w13

w21 w22 w23

w31 w32 w33

1

C
A

that can be initialized sampling from a normal distributionN(� = 0; � 2 = 1),

obtaining something like

W =

0

B
@

0:0447 1:9112 � 0:2310

0:3459 1:3180 0:3696

0:3841 0:2970 0:7473

1

C
A

A forward pass consists in the following operations. First of all, consider

a proper normalization of the input vectors. For example, ifour data is

normally distributed, we can subtract the mean value of the dataset and

divide by its standard deviation. In this case, the above mentioned vector v
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can take the following coordinates,

v� =

0

B
@

0:4

0:2

0:77

1

C
A

Now, the learnable weights are multiplied by the vector, giving

Wv =

0

B
@

0:0447 1:9112 � 0:2310

0:3459 1:3180 0:3696

0:3841 0:2970 0:7473

1

C
A

0

B
@

0:4

0:2

0:77

1

C
A =

0

B
@

0:2222

0:6866

0:7885

1

C
A

where we assume a biasb = 0. Then, the activation function is applied; in

the case of ReLU it gives an output vector ^o:

ô =

0

B
@

0:2222

0:6866

0:7885

1

C
A

Moreover, since this is a multi-class classi�cation problem, we design the

architecture to have an output vectoro 2 R3 such that the �rst entry gives

the probability of having a sunny day, the second a cloudy dayand the third

a rainy one. To this end, a softmax operation needs to be applied to the

output ô,

softmax(ô) =
exp(x i )P

j (x j )
(2.6)

where x i is the i-th entry of ô, and softmax guarantees that
P

i x i = 1. In

this case it gives:

o =

0

B
@

0:2297

0:3655

0:4047

1

C
A
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Figure 2.1: SciML is a fundamental tool for the development of digital twins.
Image taken from Quarteroni et al. (2025) [11].

that we interpret as a 23% probability of a sunny day, a 37% chance of

a cloudy day, and a 40% likelihood of rain. At this point, the loss function

(2.5) is computed with respect to the true label corresponding to v. Then, the

derivatives with respect to the three input featuresx1; x2; x3 are computed,

and the ADAM algorithm updates the matrix W with the new weights.

In the following section, we review how the deployment of more and more

powerful models is a�ecting the world of natural science, focusing in partic-

ular to physics and engineering applications.

2.2 SciML

Scienti�c Machine Learning (SciML) is an emerging �eld of research at the

intersection between AI and physics. The goal is to blend together existing

scienti�c knowledge with the powerful tools of ML, to createa whole new

family of algorithms that can be used to automate, accelerate and enhance

traditional work
ows. The range of applications is wide, from simulation of

complex PDEs, to inverse problems and inference. Physics and mathematics

provide us with a long history of powerful mathematical tools and extensive

knowledge on a variety of domains of the physical world; the scope of SciML

is to �nd clever ways to inform ML models with this solid prior knowledge

of scienti�c principles.
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There are various approaches to achieve this, such as modifying the architec-

ture of a deep NN, designing its loss function, or incorporating symmetries

into data processing [12].

This work provides a general overview of two of these techniques, which are

central to the context of this thesis: Physics-Informed Neural Networks and

Neural Operators.

One crucial application that this work focuses upon is solving forward prob-

lems. Simulation in physics and engineering presents numerous long-standing

challenges. For most real-world applications, the primarydi�culty lies in the

exceptionally high computational cost of simulating complex, multi-scale,

multi-physics systems. This is where the ALYA framework comes into play

(section 1.3), since these kind of problems usually requireexpensive com-

putations, needing lots of CPUs for many hours. This can become a huge

impediment for the deployment of digital twins, that need near real-time

feedback between the physical and the digital world to be actually employed

in practical implementations. Various general and domain-speci�c techniques

exist to reduce computational costs, including adaptive mesh re�nement, sub-

grid parametrizations, and reduced-order modeling. However, these methods

typically involve a trade-o� between the accuracy of the physical system rep-

resentation and the computational e�ciency of the simulation [12].

SciML is addressing these challenges by enabling learning from past simula-

tions, o�ering more e�ective computational shortcuts while minimizing the

impact on simulation �delity.

For example, SciML is being used to learn more e�cient subgrid parametriza-

tions [13], �ner-resolution outputs from coarser-resolution simulations [14],

and mesh-free methods which do not require elaborate discretization schemes

[15].
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2.3 Physics Informed Neural Networks

Physics Informed Neural Networks (PINNs) are deep NNs that incorporate

physical laws directly in the loss function, translating di�erential equations

and conservation laws into an equivalent optimization problem. Applications

are found both in forward and inverse problems, but in this section we will

focus on the former since it is of major interest for the scopeof this thesis.

PINNs can be seen as a meshless method to solve PDEs by training aNN

(forward problem), with the possibility to incorporate noisy data.

Let us start with a simple example [16]. Consider the viscousBurger's equa-

tion

@u
@t

+ u
@u
@x

= �
@2u
@x2

(2.7)

with a suitable initial condition and Dirichlet boundary conditions. u(t; x )

is the solution of this PDE. To solve this equation a PINN can bebuilt as

follows. In its original formulation [15], de�ne a MLP that takes a two-

dimensional input v = ( t; x ) and has one neuron as last layer, representing

the output of the parametrized solutionu� . Then, sampleNphysics collocation

points from the domain and its boundaryf (t i ; x i )g
Nphysics
i =1 and use them to

build a training set adding the available measured data. At this point, the

NN can learn a parametrizationu� of u by solving the associated optimization

problem, minimizing the following loss function:

L = wdata L data + wphysicsL physics (2.8)

where

L data =
1

Ndata

NdataX

j =1

(u� (t j ; x j ) � u(t j ; x j ))2
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L physics =
1

Nphysics

NphysicsX

i =1

�
@u�
@t

+ u�
@u�
@x

� �
@2u�

@x2

� 2

�
�

( t i ;x i )

where u� (t i ; x i ) is the output of the NN corresponding to the input (t i ; x i )

and the derivatives are computed using automatic di�erentiation. wdata and

wphysics are weights that tune the relative importance of real data with respect

to physical principles.

The goal of the training is to learn a parametrization ofu such that it mini-

mizes the MSE on both the data measurements and the PDE residuals.

Learning is considered supervised when real, potentially noisy data are pro-

vided; otherwise, it is classi�ed as unsupervised. Note that, in the latter

case, the training set consists in randomly sampled points from a numeri-

cal distribution de�ned on a speci�ed domain; the training set is potentially

in�nite (up to numerical precision) and can be generated on the 
y during

training (up to memory constraints).

PINNs have been used for a variety of problems, from electrodynamics [17],

to 
uid mechanics [18] and there exist plenty of variants. For an extensive

review refer to Quarteroni et al. (2025) [11].

As a quick mention, a �rst attempt has been made to integrate a PINN into

MAGNET, which however lead to poor predictions of the magnetic �eld.

Many di�erent modi�cations on the standard PINN have been tested, how-

ever none of them converged to the true solution of the Maxwell's equations

when evolved over time. We believe this is because Maxwell'sequations in

the H-formulation (1.9) are very sti� and could require a morecareful treat-

ment concerning the time domain. These results are non-conclusive and so

we are not reporting any of them in this work; future works could attempt

to use other formulations of the Maxwell's equations or use recurrent units

to model the time evolution of the magnetic �eld.
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2.4 Neural Operators

Neural Operators are a family of models that has gained popularity in the

last years in the �eld of SciML to solve di�erential equations with NNs.

The idea behind Neural Operators �nds its base on a well-know theorem

for NNs, the \universal function approximator" theorem [19].It states that,

if given enough parameters, NNs converge to whatever functionmapping

between Euclidean spaces. However, this framework is limiting when dealing

with ODEs or PDEs, when maps between function spaces may be involved,

for example between initial conditions to the corresponding solutions of a

di�erential equation.

In general, a PDE can be written as

(Lau)(x) = f (x); x 2 D; (2.9)

with some boundary conditions de�ned on the border@D, whereu : D �! Rn

is the solution of the PDE, living in the Banach spaceU, and La : A �!

L (U; U� ) is a mapping from the parameter Banach spaceA to the space of

linear operators mappingU to its dual U� for somea 2 A, f 2 U� and

D � Rd a bounded domain. From this setting, we can de�ne an operator

Gy := L � 1
a f : A �! U, that by de�nition maps the parameter a to the solution

u, a 7! u, �xing the boundary conditions.

For example, in the case of equation (1.9),

� 0@tH + r � � r � H = 0 (2.10)

we have:

ˆ The solution u is the magnetic �eld H : R3 ! R3.

ˆ The free parametera is the resistivity � .

ˆ The linear operatorLa is L � = ( � 0@t + r � � r� )
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ˆ f (x) is zero.

ˆ A speci�c case is the one of an in�nitely long current-carrying wire,

which is the one we focus our study on. In this case, the domainD is a

circle of radiusR equal to the radius of the wire, de�ned onR2, while

@Dis the boundary of the wire. The boundary conditions are given

by the value of the �eld on the border of the wire for everyt, and the

value of H (t = 0) for every (x; y) inside the wire.

A simple approach could be to discretize the space of parametersA and have

a NN train on a subsetf uaga2 A from that discretized space. In the case of

equation (1.9), we would have a NN trained on simulations performed with

various values of� . This NN would learn speci�c mappings between di�erent

values of� and the corresponding solution, however it would perform poorly

on samples outside the training set.

In this regard, Neural Operators give a more solid way to tackle the prob-

lem. Instead of learning mappings between vector spaces, they approximate

operators acting on Banach spaces, mapping from functions to functions.

Learning directly the operator gives a more solid way to generalize outside

the training set, as shown in the original paper [20].

Moreover, it can be shown that these models are discretization invariant,

contrary to vanilla NNs. A model is de�ned as discretization invariant if,

with a �xed number of parameters, it su�ces these three properties:

1. it acts on any discretization of the input function, i.e. accepts any set

of points in the input domain,

2. it can be evaluated at any point of the output domain,

3. it converges to a continuum operator as the discretization is re�ned.

PINNs, presented in section 2.3, take spatial coordinates as input and are

inherently discretization-invariant, as they can be applied independently at

each location. However, PINNs are designed to approximate the solution

of a single instance of a PDE rather than learning a mapping from input
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functions to output solution functions.

Convolutional Neural Networks (CNNs), on the other hand, do not naturally

converge under grid re�nement, as their receptive �elds vary with di�erent

input discretizations. Nonetheless, when normalized by grid size, CNNs can

be applied to uniform grids of varying resolutions. In this case, their be-

haviour approximates di�erential operators in a manner similar to the �nite

di�erence method.

Furthermore, as we show in the next section, Transformers [21] can be inter-

preted as a special class of neural operators with structured kernels, making

them applicable to input functions de�ned on arbitrary grids. However, many

vision-based Transformer architectures, such as the VisionTransformer (ViT)

[22], rely on convolutional tokenization of image patches.As a result, they

do not inherently exhibit discretization invariance.

A Neural Operator can be built as a composition of linear operators, followed

by a non-linear activation function, just like a FFNN is made by acomposi-

tion of linear matrix multiplications, also followed by a non-linear activation

function.

Mathematically, a Neural Operator as de�ned by Kovachki et al. (2021) [20]

is laid out as follows. Let us call the input functionsa 2 A, de�ned on the

bounded domainD � Rd, and the output functions u 2 U, also de�ned on

the bounded domainD 0 � Rd0. A Neural Operator G� : A �! U has the

following overall structure (see Zongyi et al. (2020) [23]):

1. Lifting: Using a pointwise functionRda ! Rdv0 , map the input

f a : D ! Rda g 7! f v0 : D ! Rdv0 g

to its �rst hidden representation. The authors of the original paper choose

dv0 > d a and hence this is a lifting operation performed by a fully local

operator.

2. Iterative Kernel Integration: For t = 0; : : : ; T � 1, map each hidden
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representation to the next

f vt : D t ! Rdv t g 7! f vt+1 : D t+1 ! Rdv t +1 g

via the action of the sum of a local linear operator, a non-local integral kernel

operator, and a bias function, composing the sum with a �xed,pointwise non-

linearity. Here we setD0 = D and DT = D 0 and impose thatD t � Rdt is a

bounded domain.

3. Projection: Using a pointwise functionRdvT ! Rdu , map the last hidden

representation

f vT : D 0 ! RdvT g 7! f u : D 0 ! Rdu g

to the output function. Analogously to the �rst step, the authors usually

pick dvT > d u and hence this is a projection step performed by a fully local

operator.

The outlined structure mimics that of a �nite-dimensional neural network

where hidden representations are successively mapped to produce the �nal

output. In particular, we have

G� := Q � � T (WT � 1 + K T � 1 + bT � 1) � � � � � � 1(W0 + K 0 + b0) � P:

The mappingsP : Rda ! Rdv0 and Q : RdvT ! Rdu represent the local lifting

and projection operators, respectively. The matricesWt 2 Rdv t +1 � dv t are

local linear operators, while the integral kernel operators K t map functions

f vt : D t ! Rdv t g to f vt+1 : D t+1 ! Rdv t +1 g. Bias functions are given by

bt : D t+1 ! Rdv t +1 , and activation functions � t act locally as pointwise maps

Rdv t +1 ! Rdv t +1 .

The dimensionsdv0 ; : : : ; dvT , input dimensionsd1; : : : ; dT � 1, and intermediate

domains D1; : : : ; DT � 1 serve as hyperparameters of the architecture. Local

maps act pointwise: for anyx 2 D, the lifting and projection operations

satisfy

(P(a))( x) = P(a(x)); (Q(vT ))( x) = Q(vT (x)) :
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Similarly, the activation function operates as

(� (vt+1 ))( x) = � (vt+1 (x)) for any x 2 D t+1 :

See �gure 2.2 for a visual scheme of this.

Figure 2.2: Scheme of a general neural operator layer and three possible variants.
We are interested in the FNO layer, where the kernel integral is learnt in the
Fourier space [20].

Using the notation just de�ned, and assuming that the input and output

spacesD are the same, a forward pass of one layer can be written as
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u(x) = �
�

Wv(x) +
Z

D
k(x; y) v(y) d� (y) + b(x)

�
8x 2 D (2.11)

2.4.1 Fourier Neural Operator

At this point, we have a general framework for building NeuralOperators,

and we can exploit our prior knowledge coming from physics todesign a

speci�c kernel k(x; y) in equation (2.11). Classically, a typical way to solve

complex PDEs is to apply a Fourier transform to the original equation, solve

it in the Fourier space, and then project it back to the original space by

applying the inverse Fourier transform. Thus, we know that moving the

original image data representing an instance of the functionspace into a

Fourier embedding could help a Neural Operator learning the solution.

A Fourier Neural Operator (FNO) can be built simply by taking theFourier

transform of the input of each layer, learn the parametrization of the kernelk

using a linear layer, and then projecting back using the inverse Fourier trans-

form. Computationally, this is done using the Fast Fourier Transform (FFT)

and its inverse (iFFT), truncating the lower modes of the FFT. Moreover, as

displayed in �g. 2.2, a residual connection is made between the input of each

Fourier layer and the output of the iFFT, allowing for a better propagation

of the gradient, as usual in deep networks, and also for learning non-periodic

features in the data.

We conclude this section by noting that operator learning can be seen as

an image-to-image problem, where instead of using CNNs, we useFourier

layers, which are more suited for solving PDEs. During the development of

the present work, we quickly assessed the performance of a classical ResNet

architecture, using CNN layers, with a FNO architecture, seeing that CNNs

are much harder to train than FNOs in this context.
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Figure 2.3: (a) The full architecture of neural operator: start from input a. 1.
Lift to a higher dimension channel space by a neural networkP. 2. Apply T
layers of integral operators and activation functions. 3. Project back to the target
dimension by a neural networkQ. Output u. (b) Fourier layers: Start from input
v. On top: apply the Fourier transform F; a linear transform R on the lower
Fourier modes and �lters out the higher modes; then apply the inverse Fourier
transform F � 1. On the bottom: apply a local linear transform W . Taken from
Zongyi et al. (2020) [23].

2.5 Vision Transformer and Adaptive Fourier

Neural Operator

The �nal architecture we examine is the Adaptive Fourier Neural Operator

(AFNO), designed as an optimized Vision Transformer (ViT) that integrates

the principles of FNOs. In this section, we summarise the key points regard-

ing the ViT architecture and how the AFNO makes it more e�cient.

In recent years, natural language processing has seen signi�cant progress, par-

ticularly with the development of Generative Pre-Trained models [24]. These

models have achieved notable results, largely due to the Transformer archi-

tecture. This architecture supports strong scalability, enabling the training

of very large models with billions of parameters. The work ofDosovitskiy et

al. (2021) [22] showed that a simple Transformer-like implementation to im-

ages can achieve results that outperform classical ResNet architectures based

on CNNs.
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Figure 2.4: ViT overview. An image is split into �xed-size patches, each of which
is linearly embedded, position embeddings are added, and the resulting sequence
of vectors is fed into a standard Transformer encoder. To perform classi�cation,
the standard approach of adding an extra learnable \classi�cation token" to the
sequence is employed. This illustration is taken from Dosovitskiy et al. (2021)
[22].

We start with a general overview of ViT, followed by a more detailed account

of the AFNO in the next paragraph. For more details, please referto the

works of [22] [25].

The input of the ViT is an image of shape (C; H; W ), which gets parsed

by a CNN layer to create patches of shape (P; P). After the patches are

created, they get 
attened and linearly projected into an embedding space

of dimensionde. Then, a positional encoding is concatenated to these em-

beddings, in order not to loose the spatial information of the patches in the

original input. The resulting vectors get fed to the Transformer Encoder,

which computes a Multi-Head Attention operation on all embedded tokens.

At its core, this operation linearly projects each token into three di�erent

vectors, calledkeys, queriesand values. Then, a similarity score is computed

between thekeysand thequeries, which is then used to learn acontext-aware

change of coordinates applied to thevalues vectors. The resulting vectors

are then fed to a MLP that learns non-linear relations between them. In this

way, the Transformer Encoder creates a meaningful encoded representation

of the input data, which can be transferred to downstream tasks, for example

classi�cation.
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More precisely, a 2D image can be represented as a token tensor X 2 Rh� w� d,

made ofhw tokens of dimensiond. Bare in mind that lowercaseh and w are

not the height and width of the image in pixels, but rather thenumber of

rows and columns of a matrix, which entries are vectors of dimensiond (i.e.

X is a tensor). That is, we haveN = hw tokens, each of shaped.

By doing so, an image can be treated as a sequence of tokens, from which a

Transformer can learn a contextual embedding. ViT does so by computing

a similarity score among all pairs of tokens, viaself-attention mixing. The

self-attention mixing operation is de�ned as Att :RN � d ! RN � d

Att( X ) := softmax
�

XW q(XW k)T

p
d

�
XW v (2.12)

whereWq; Wk ; Wq 2 Rd� d are the query, key and value matrices, respectively.

X is the input tensor. Softmax is de�ned as:

softmax(x) =
exp(x i )P

j (x j )
(2.13)

It can easily be shown that the self-attention (2.12) can be viewed as a dis-

crete kernel summation. This allows us to link the theory of neural operators

presented in section 2.4 to Transformers. First, we callK the softmax output,

which is the N � N matrix of dot products between the linearly projected

keys and the linearly projected queries. Callingk[s; t] := K [s; t] �Wv, we have

the kernel representation of self-attention:

Att( X )[s] :=
NX

t=1

X [t]k[s; t] 8s 2 [N ] (2.14)

where s; t 2 [hw] parametrize the token sequence and the matrix-valued

kernel k. Going further, the kernel summation (2.14) can be extendedto

a continuous kernel formulation, whereX is no longer a �nite-dimensional

vector in the Euclidean spaceX 2 Rh� w� d, but rather a spatial function

31



Chapter 2. Scienti�c Machine . . . 2.5. Vision Transformer and. . .

in the function space,X 2 (D; Rd), de�ned on the domain D � R2 which

is the physical (geometrical) space of images. At this point, the theory of

operator learning described previously applies, bridginga clear connection

between neural operators and attention. In fact, we can takethe integral

from equation (2.11) and change names to the variables to get

K (X )(s) =
Z

D
k(s; t)X (t)dt 8s 2 D (2.15)

Again, an appropriate choice fork(s; t) gives us the integral in the FNO layer:

K (x)(s) = F � 1(F(k) � F(X ))( s) 8s 2 D (2.16)

where� denotes a matrix multiplication, F the continuous Fourier transform,

and F � 1 its inverse.

Let us see now how the AFNO architecture is built starting from this the-

oretical common ground. First of all, it should be noted that the attention

operation (2.12) is quadratic in the number of tokens, sincea dot product is

computed between all pairs of tokens. To make this scaling better, AFNO

performs the token mixing directly in Fourier space, as a continuous global

convolution, using a Fourier layer from FNO. Computationally, this is done

by applying the Fast Fourier Transform (FFT) to the input tokens

Z = FFT( X ) (2.17)

with Z 2 Ch� w� d� d the complex-valued tensor of the FFT-transformed input

imageX . Then, the real and imaginary components ofZ are separately mul-

tiplied by the kernel k which is parametrized by a matrixW 2 Ch� w� d� d. An

activation function follows, and the operation is repeatedagain. However, to

avoid the aforementioned quadratic scaling of self-attention, a block-diagonal

structure is imposed toW. A MLP block follows, that learns the interac-

tions between di�erent tokens, modifying them based on the input adap-

tively rather than using �xed transformations, as in standard FNO. Inspired
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by self-attention, this MLP replaces the static weight transformation with a

learnable mapping, allowing di�erent frequency components to interact dy-

namically. Moreover, to promote sparsity, a soft-thresholding and shrinkage

operation is applied:

S� (x) = sign(x) maxfj xj � �; 0g (2.18)

where� 2 R is a tunable parameter that controls sparsity. Then the inverse

Fourier transform is computed. Figure 2.5 shows an illustration of the AFNO

architecture.

Figure 2.5: The multi-layer Transformer network with FNO and AFNO mixer s.
FNO performs full matrix multiplication that mixes all the channels. AFNO per-
forms block-wise channel mixing using MLP along with soft-thresholding. The
symbols h, w, d, and k refer to the height, width, channel size, and block count,
respectively. Image taken from Guibas et al. (2022) [25].

33



Chapter 3

Methodology

In this chapter, we explain the methodology used in this project. We start by

outlining the goal of this thesis, giving a general overviewof how this work

is laid out. We continue by describing the dataset generation process and its

statistical properties, followed by a detailed discussionof the approach used

to train and improve the NNs. Finally, we examine the processingpipeline

and training strategy.

3.1 Problem statement

Our objective is to develop an AI surrogate model that can autonomously

simulate the evolution of the magnetic �eld in a cross-section of current-

carrying wire, in the in�nitely long approximation. Ideall y, the model should

work for any superconducting material (material-agnostic) and across a wide

range of boundary conditions, requiring only the initial conditions as input.

In order to train such a model, we need to create a dataset madeof numer-

ical simulations from which the model can learn the solutions of Maxwell's

equations for a variety of di�erent materials, boundary andinitial condi-

tions. Then, we need to de�ne a learning framework, choosingthe speci�c

architectures of the NNs and determine a training strategy to accomplish the
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Figure 3.1: Scheme of the general methodology used for this work.

task. Last, the model needs to be evaluated both in terms of precision and

performance, highlighting its strengths and weaknesses.

3.2 Dataset creation, management and anal-

ysis

In this section we describe the dataset used to train the AI models, starting

from the data creation, to the data management and processing.

3.2.1 Dataset creation

We create a dataset using the MAGNET �nite element code, described in

chapter 1. We run simulations on a simple physical scenario,that is of a

circular section of an in�nitely long current-carrying superconducting wire.

The wire has radius 0:001m and the boundary conditions are given by a

sinusoidal current 
owing on the border of the wire, having equation:
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i (t) = i 0 sin(2�f � t + � ) (3.1)

where i (t) is the instantaneous value of the current,i 0 is the current ampli-

tude, f is the frequency,t is the time and � is the phase. The value off

is �xed at 50Hz, � = 0 rad, and t ranges from 0s to 0:05s with an adaptive

timestep. The maximum number of timesteps is �xed at 10; 000. Maxwell's

equations (1.9) are solved on an unstructured mesh made of 4525 node ele-

ments. The outputs of one simulation consists in binary �les, containing the

solution of Maxwell's equations at each node of the mesh, which are then

converted to text �les. In order to avoid too large outputs, we save every

10th timestep. Each simulation comes also with a text �le containing the

(x; y; z) coordinates for each node. In this casez is always zero, since this is

a two-dimensional problem, de�ned on the (x; y) plane. Beyond computing

the solution of the magnetic �eld H , MAGNET also computes other rele-

vant physical quantities at every timestep; the total output is formed by 8

quantities:

MAGNET output Description
Hx The x component of the magnetic �eld
Hy The y component of the magnetic �eld
Hz The z component of the magnetic �eld
Fx The x component of the Lorentz force
Fy The y component of the Lorentz force
Fz The z component of the Lorentz force
j z The z component of the induced current
Q The dissipated power per unit volume

Table 3.1: List of physical quantities produced by MAGNET

The magnetic �eld is given in Tesla, the Lorentz force in Newton, the induced

current in Ampere, and the dissipated energy in Watts per cubemeters,

which is computed as the integral of the induced current by the electric �eld,

over the domain. In image 3.2 some snapshots of these quantities are shown.

Regarding storage, MAGNET uses double 
oating points numerical repre-
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Figure 3.2: An example of the output quantities from a simulation performed with
MAGNET. Units are normalized by the value on the border.
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sentation, so each timestep requires a total of:

number of nodes� number of physical quantities� 8B

which translates into 4525� 8� 8B � 290KB per timestep. This means that

if one simulation is made of 1000 timesteps, it will occupy almost 290 MB in

storage, which in turns translates to almost 3TB of data on disk for 10; 000

simulations. We should keep this �gure in mind, knowing thatthe storage

available is limited in MareNostrum 5.

Creating a dataset from scratch requires careful design, since the choices done

in this phase will inevitably have consequences on the outcome of the �nal

model. Also, launching multiple simulations requires a lot of time, so it is

fundamental to envisage possible problems beforehand. Moreover, to build

a robust model that performs well in real-world scenarios, it is crucial to

create a dataset that adequately represents the distribution it will encounter

in production. However, the higher the variance of the dataset, the harder it

is to be learned by a NN. It is also important to understand that creating a

high-variance dataset means to save multiple simulations,which come with

a big storage consumption, and that is the main constraint inMareNostrum

5. We have to strike a balance between these considerations and decide

to simulate 9100 di�erent simulations, each running with di�erent physical

parameters. The dataset occupies almost 3 TB in storage and is made of

27; 662; 245 total �les. The physical parameters that we choose to change

are:

ˆ The value of the exponentn in equation (1.7). 10 linearly spaced

values are taken ranging from 5 to 30, comprehending almost all HTS

materials [1].

ˆ The value of the critical magnetic �eld Ec in equation (1.7). 10 loga-

rithmically spaced values are taken, ranging from 10� 5 to 10� 1.

ˆ The value of the current amplitudei 0 in equation (3.1), ranging from

100 A to 1090 A, with a step size of 10 A.
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The range of these values have been chosen by looking at the standard values

used in literature (cfr. [26] [27] [28] [29]).

This results in a total of 10; 000 di�erent con�gurations. However, due to

time constraints, we discontinued simulations that required more than 24

hours to converge, discarding 900 simulations in the process.

Each simulation runs with 12 cores and each run takes a variable time span

to complete. The whole process of the data creation, starting from running

the simulations, to converting the binary �les into text �le s, followed by

the compression in tar archives takes approximately 10 days. This �gure is

mainly driven by the time spent for a job to get out of the Slurmqueue

before being executed.

3.2.2 Data management

After creating the dataset, it is important to understand the best way to

manage it, in order to optimize the processing pipeline during training and

inference. Even though we are not dealing with a huge dataset, it is still

big enough to cause some challenges. In this section, a �rst approach to

data handling is described which resulted in issues that hindered concurrent

training of the AI models. Afterwards, we describe how we tackled and solved

these problems.

Let's start by considering the easiest, yet faulty, way of dealing with big

data on a distributed computing environment. As soon as the MAGNET

simulations are run and the text �les are created, the dataset consists of a

folder calleddataset, containing 9100 folders inside, each of these comprising

a variable number of �les. As will be explained more in detail in section 3.4,

data needs to be loaded from disk, pre-processed on CPU and then sent to

GPU for training. In this approach, the process of loading andprocessing of

data is managed by a Dataset class that we de�ne in Python. During training,

this class randomly reads a csv �le containing the path to thenecessary

�les; these are then opened in read-only mode from disk to CPU,processed

one by one and then sent to GPU in batches. Also, the Dataset class is
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wrapped by Pytorch Dataloader, which spawns a tunable number of workers

to perform these computations. One training is run on one node, with 160

logical cores and 4 Nvidia H100 GPUs. The number of workers is setto 39,

in order to have 1 logical core available for each GPU and to exploit the

others to load data in parallel (160 total cores - 4 GPU = 156 free cores

for computation; to distribute evenly the cores on the 4 GPU, 156=4 =

39 workers for each GPU). The strategy used for parallelizingthe training

is Distributed Data Parallel (DDP). DDP works by launching a separate

process for each GPU, where each process independently holdsa copy of the

model and processes a di�erent mini-batch of data. Each process has its own

DataLoader, meaning data loading is done in parallel for each GPU. After

computing local gradients, DDP synchronizes the gradientsacross GPUs and

then updates the model weights.

Problems rise when launching more than 20 independent jobs concurrently,

the General Parallel File System (GPFS) of MareNostrum 5 su�ersfrom seri-

ous delays, a�ecting all users of the supercomputer. So, we had to investigate

the reasons behind this to �nd a way to exploit the resource available at best.

First of all, we realize that this problem is linked to I/O operations from disk

to CPU. It is not related to communication between the CPU and GPU,

nor to communication between nodes, as it speci�cally a�ects operations

involving GPFS on the login node, and each node runs an independent job.

This happens because GPFS is a (distributed) networked �le system, which

can su�er from delays if the storage nodes become overloadedby a high

volume of small, concurrent requests in the same directory.The ideal case

would be to load all the data at once on memory, which is of course not

possible (each node has a memory of 512 GB and our dataset is 3 TB in

storage). To get over this situation, it is necessary to readlarge chunks of

data instead. To this aim, the dataset is compressed into tararchives, each

comprising 100 folders. Then, the sharded data is loaded sequentially from

these archives using the webdataset library in Python. Sequential reading

is faster than random indexing, and also loading shards instead of single

little �les exploits the bandwidth capabilities of MareNostrum 5, which are
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800GB/s in the accelerated partition [7]. Moreover, a deeper look at the

process spawned by Pytorch Dataloader showed that the optimal number of

workers is 6, see �gures 3.3 and 3.4. This changes allow concurrent trainings

on multiple nodes, without overloading the GPFS. In section 3.4 we explain

in more detail how data is processed before sending it to GPU.

3.2.3 Dataset statistics - exploratory analysis

Before applying whatever ML algorithm to a dataset, it is mandatory to per-

form an exploratory analysis �rst, in order to gather statistical information

that will be used for pre-processing. In this section we report the insights

found and how these relate to the type of normalization applied to data,

before training the AI algorithm.

Our data is made of 3TB of txt �les, which makes it impossible for us to load

it all in memory and perform directly an analysis on it.

We begin our analysis qualitatively by examining the distribution of values

at a single timestep, than a more quantitative analysis is performed. Im-

mediately, we observe very skewed distributions in most timesteps, for every

physical quantity, and in every simulation. The high variance observed is

an inherent part of the simulation and therefore, rather than removing the

extreme values, they must be handled carefully. However, as we will describe

in chapter 4, if we subsample the dataset and take only one timestep every

50 for every simulation, the distribution of these values becomes Gaussian.

With these considerations in mind, it is clear that a transformation of this

kind should consist in one single function that is invertible and uniquely

applied to all the instances of the dataset. For example, it would be wrong

to compute a normalization for each timestep or for each batch of timesteps,

since it would remove the information about the time evolution of these

values; it would also be wrong to apply a di�erent transformation to each

simulation for two reasons. The �rst one is that each simulation runs with

di�erent absolute values of the currents, that would be 
attened from a

normalization of this kind. The second reason is that computing a quantity
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Figure 3.3: Qualitative assessment of I/O load on the GPFS when performing
random access operations on the dataset. All values are obtained heuristically
using the Linux top command. They are not statistically rigorous but serve as an
indicative measure of the I/O load on the �le system. The �rst column re fers to
the number of threads used by each PyTorch dataloader. The second columngives
a �gure of the number of batches processed by the neural networks eachsecond.
The third column refers to processes actively working (R state) and idle processes
waiting for I/O operations (D state). Many processes in R state correspond to
a higher load on the �le system. The last column shows, indicatively, the �ve-
minute average load on the CPU. Randomly accessing the dataset leads to very
high CPU load and numerous D-state processes that negatively impact theGPFS.
Additionally, changing the number of workers in the dataloader does not a�ect the
number of iterations per second.
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Figure 3.4: Qualitative assessment of I/O load on the GPFS when accessing the
dataset in shards, using webdataset. All values are obtained heuristically using the
Linux top command. They are not statistically rigorous but serve as an indicative
measure of the I/O load on the �le system. The �rst column refers to the number
of threads used by each PyTorch dataloader. The second column gives a �gureof
the number of batches processed by the neural networks each second.The third
column refers to processes actively working (R state) and idle processes waiting for
I/O operations (D state). Many processes in R state correspond to a higher load
on the �le system. The last column shows, indicatively, the �ve-minute average
load on the CPU. This approach leads to a higher number of iterations per second
and a lower load both on the �le system and on the CPU. The optimal number of
workers is around six.
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Figure 3.5: Random dataset access versus sequential access. Making many small
requests from the dataloader to the storage causes the GPFS to overload. Image
inspired by \Introduction to Large Scale Deep Learning" - Thomas M. Breuel [30].

simulation-wise, that is over all the timesteps of a given simulation, requires

to know in advance how the simulation will evolve already at time zero, which

is not possible during inference, where the model will be given only the �rst

timestep.

To this end, we decide to use Robust Scaler, which consists inthe following

transformation [31]:

RobustScaler(x i ) =
x i � � 1=2

IQR
(3.2)

where x i is a node value,� 1=2 is the median of the distribution of values

of f x i g, and IQR is the interquartile range which is the di�erence between

the third quartile and the �rst quartile computed on the distribution of the

values off x i g.

The values found are:
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Quantity Value
Median Values

Hx , Hy, Hz, j z, Fx , Fy, Fz 0
Q 7422:14
Interquartile Range (IQR) Values

Hx 6:3468� 103

Hy 6:3468� 103

Hz 0
j z 1:5579� 108

Fx 6:6735� 105

Fy 6:6735� 105

Fz 0
Q 2:2810� 105

Table 3.2: Median and IQR of the training set. The units are reported in the
previous section.

3.3 General methodology for model selection

In this section, we discuss the modus operandi followed during the devel-

opment of this project. Besides general deep learning good practices, we

followed the tips contained in Google's Deep-Learning Tuning playbook [32].

The idea is to start by getting a solid baseline, and then �ne-tune it by

introducing incremental changes to either the model architecture or data

processing. A modi�cation is accepted only if it leads to better performance

in the adopted metrics. As said, the process is incremental, in the sense that

when a change is found to be bene�cial, it is kept �xed and never tuned again,

even when further changes are made on other hyperparameters. For example,

if we �nd that a certain number of layers is optimal, we treat that number as

a �xed parameter when assessing the performance of weight decay. This is

done to avoid trying all possible combinations of the hyperparameters, which

can be very expensive. An exception is made for the learning rate, which

is tuned each time a new change is made to the network. Hyperparameters

tuning has been performed using a grid search, launching multiple jobs with

Slurm.

To create our AI surrogate model, we tested two di�erent NNs. The�rst
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is a FNO, which has shown good results in learning continuous mappings

in in�nite-dimensional spaces of functions, and we hope that it can perform

better than standard CNN-based models. The second model is an AFNO,

which uses an attention mechanism to learn long-range dependencies between

patches. This architecture showed great potential in solving complex PDEs

autoregressively [8], and we hope to replicate the results found in literature

by adapting it to our use case. For the theoretical details behind these, please

refer to Chapter 2.

In the Learning framework section 3.5.2 we explain the �nal architectures in

detail, while in the section 3.5.1 we describe thoroughly how these models

are trained to obtain a generative model for the simulation of HTS wires.

Since we deal with a generative task, a natural choice for theloss function

is the mean-squared error (MSE), which is computed pixel-wise between the

output of the network and the true solution of the PDE,

L =
1
N

NX

i =0

(x i � x̂ i )2 (3.3)

where N is the total number of pixels in an image,x i is the true value of

the pixel i , while x̂ i is the corresponding value from the generated image.

In other words, we compute the error as the squared di�erencebetween the

true and the generated value of the PDE solution for every node in the mesh

and for a given timestep, then we take the average over all thenodes and use

that value to compute the gradients for backpropagation.

The best model is chosen considering the total loss (3.3) as the main metric,

followed by the convergence speed.

We do not treat the batch size as a tunable parameter [33], butrather we

choose the maximum value that decreases the computing time and makes

the training more stable, given the GPU resources constraints. We choose

Adam as optimizer, �ne tuning its hyperparameters based on its behaviour on

training and validation loss curves. Moreover, we tried di�erent processing of
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data. Advancing with the training pipeline, we tested our nets with di�erent

number of layers, channels of the convolutional layers in the FNO, embedding

dimension of the AFNO, and resolution of the input. We stress thefact that

these changes have been studied incrementally.

3.4 Processing pipeline

In this section we report the steps followed to process a datainstance before

feeding it to the NN. First of all, data is stored in tar archives in a .txt �le

format, as explained in section 3.2.2. At this point, we would like to shu�e

the data before splitting it into train, validation and test set. However,

webdataset requires data that belong to the same training sample to stay in

the same shard, since data is read sequentially. That means that shu�ing all

data is not possible, and instead we shu�e the indexes related to the 911 tar

archives. Within each tar archive, data is not shu�ed. Shu�in g is done by

�xing a random seed for reproducibility. As said, data is readsequentially

in shards by the webdataset class, which also performs the following pre-

processing steps on each txt �le:

1. Converts the txt �le to a Numpy array. The array has shape (1,4525) if

it represents a scalar �eld, i.e. induced current and dissipated energy,

while it has shape (3,4525) if it is a vector �eld, i.e. magnetic �eld and

Lorentz force.

2. A Euclidean mesh of shape (R; R) is created and the �eld is interpolated

on it using a nearest-neighbor function. The resulting array is of shape

(1; R; R) if it's a scalar �eld, or (3 ; R; R) if it's a vector �eld. We do

not use other kinds of interpolations, to avoid artifacts inthe model

that are not present in the original MAGNET simulation.

3. Data is then sent to the GPU in batches. The batch contains (batch

size, 5) elements; in order these are: the key of the timesteps and

physical quantities loaded, current array, magnetic �eld array, Lorentz

force array, dissipated energy array.
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4. Data is normalized with Robust Scaler, using the values reported at

the end of section 3.2.3.

5. Each array contains both input and targets of the network,so we create

the input and target arrays from the batch array. Before doing this,

we have to be sure that the inputs match correctly the targets. Given

the way the dataset is stored and read, this is done by checking that

two contiguous arrays belong to the same simulation, using the key

mentioned in point 3 to �nd the index where this change occurs. The

batch is discarded if it contains only one instance.

6. Finally, the input array is passed to the network, that performs the

forward pass, computes the loss and backpropagates the gradients. Loss

is MSE (eq. 3.3).

At this point, some reasoning is needed regarding the interpolation phase. As

reported in section 3.2, MAGNET simulations are performed onan unstruc-

tured grid, while all the nets that we tested require image-like inputs. These

are obtained by interpolating the unstructured arrays intoa Euclidean grid of

shape (R; R), whereR de�nes the resolution of the input data (point 2 of the

list above). We immediately recognise a clear tradeo� between resource con-

sumption on one hand, and data quality one the other. In fact,low-resolution

input data would require a low memory footprint for two reasons. The �rst is

evidently linked to data itself, since the less bytes are used to represent it, the

less memory it uses on the GPU. The second is instead linked to the model

complexity. In fact, it would require less parameters to capture the relevant

features of low-resolution data, with respect to high-resolution, which �ne-

details can be captured by increasing the number of neurons.In other words,

high-quality input data calls for more complex models, withmore parame-

ters and, thus, a bigger memory footprint. Adding more degrees of freedom

allows to extrapolate more information from data while, on the contrary, the

same number of parameters could be excessive with low-quality data. The

tradeo� consists in �nding a low enough value ofR, such that we can still

retrieve the relevant information from data without running out of memory,
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given the computational resources at our disposal. To make this reasoning

more quantitative, consider for example the memory usage ofa low-resolution

input instance, with R = 64. As already explained in section 3.2, each input

data is made of 8 channels stacked together, which means thatthe actual

input fed to the net is an array of shape (batch size; 8; R; R), for example

(1; 8; 64; 64). Given these numbers, a single data instance represented by

single precision 
oating points (
oat32), would occupy (32bits=4B):

(1 � 8 � 64� 64) � 32bits � 131KB

that is, 8 � 64� 64 = 32; 768 data points to be evaluated. For an input like

this, a reasonable value for the total number of parameters of a NN is of

order of some millions, which would corresponds to an order of some MB on

the GPU.

On the other hand, a high resolution input withR = 1024, using the same


oat32 precision, would consist in an array of

(1 � 8 � 1024� 1024)� 32bits � 34MB

with a quadratic dependency of the memory footprint on the resolution. An

input like this consists in � 8� 106 data points, which would require billions

of parameters to �t properly, occupying some GB in the GPU.

Having said this, we must recall that the original unstructured mesh on which

the numerical simulation is performed consists in 4025 nodes, implying that

usingR = 64 would create more interpolated points than the ones wherethe

PDE was numerically evaluated (64� 64 = 4096, which is already greater

than the number of nodes used by MAGNET, 4025). However, we think that

a slightly bigger number of interpolated point can bene�t the learning process

of the network, even though the interpolation will inevitably create artifacts

not present in the original data. This is a limitation of our approach, that

will be discussed in the last chapter.
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3.5 Training pipeline

In this section we describe in detail the steps followed to obtain an AI surro-

gate model. The �nal goal is to obtain a deep learning model that produces

the same outputs of the MAGNET code on a section of an in�nitelylong

current-carrying HTS wire. The outputs produced are listed in section 3.2.1.

Once the initial conditions are given to it, the model shouldbe able to gen-

erate the next output autoregressively, ideally as long as we want. In section

3.5.1 the steps followed to obtain such a model are described, while in section

3.5.2 the architectures of the best model found after hyperparameters tuning

are shown. This approach draws heavily from the work of Pathak et al. [8],

which applied the same techniques in meteorology.

3.5.1 Training strategy

First of all, the dataset is split into train, validation and test set. This is

done by �rst shu�ing the indexes of the tar archives where thedataset is

stored, and then considering the �rst 70% of the indexes to bein the training

set, the second 15% to be in the validation set, and the third 15% to be in

the test set. We split on the tar archives because of the nature of how data

is loaded by the webdataset class. As said in section 3.2.2, data is read in

shards and each of these contain the timesteps data in order.Mixing inside

the tar archive would impede this kind of loading. As common practice in

machine learning, the training set is used to update the weights of the model,

the validation set is used to assess the impact of di�erent hyperparameters.

The test set is never seen until the very end of the project, toassess the

performance of the model on previously unseen data.

Following the prescription of Pathak et al. (2022) [8], we divide our training

phase in three steps:

1. Pre-training phase

2. Fine-tuning phase

3. Autoregressive evaluation
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The pre-training phase consists in making the net learn to predict one timestep

ahead. In this phase, the input of the net is one timestepx t and the loss

is computed as the MSE between the output of the net ^x t+1 and the true

timestep x t+1 . However, di�erently from Pathak et al. (2022) [8], we use

this phase mainly to assess how the number of parameters of each model

impacts the performance on the loss. In order to obtain results quickly, we

stop the training as soon as the validation curves show a clear trend, giving

the best model. Most times one epoch is enough to assess this.The resulting

models are �ne-tuned in the second phase. Now the model has to learn how

to predict two timesteps ahead of the input. This is done by performing the

same computation as during the pre-training, taking one timestep x t and

generatingx̂ t+1 , computing a lossL 1 . However, in this phase the generated

x̂ t+1 is fed again to the net, which predicts ^x t+2 . Another lossL 2 is computed

between the second prediction and the true valuex t+2 . The total loss is the

sum of the two, L = L 1 + L 2, which is used for backpropagation. In this

way, the model is forced to learn how to deal with its own predictions, which

should aid the autoregressive predictions. Allf x i g are taken from the train-

ing set. Before the pre-training phase all the networks are initialized using

He normalization, while for the �ne-tuning phase the nets areinitialized with

the best weights found in the pre-training phase.

The last step is to use the trained models to generate sequences of mean-

ingful timesteps, and estimate the overall performance. During this phase,

gradients are detached from the computational graph and theweights of the

model are not updated. We start by choosing one timestep fromthe valida-

tion set, feeding it to the network and predict the next timestep. Then, the

output is fed again into the net to predict the following step.

3.5.2 Learning framework

All the runs are performed using Lightning Pytorch [34] on thesupercom-

puter MareNostrum 5. Each run uses 4 GPU NVIDIA H100, and one training

epoch lasts approximately 2 hours.
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Figure 3.6: Illustration of the pre-training phase. The input of the NN i s a numeri-
cal solution from MAGNET, for some time step t and a con�guration of ( Ec; n; i 0).
The net predicts the following timestep, which is compared to the target numerical
solution via MSE. Then the weights of the model are updated with backpropaga-
tion.

We train two di�erent architectures, a Fourier Neural Operator (FNO) and

an Adaptive Fourier Neural Operator (AFNO). We choose these because they

both showed good results in solving PDEs [23, 25] and we hope to replicate

them for our use-case. We also try a ResNet architecture, because its a

natural benchmark that can be interesting to compare against the other two.

However, we immediately see that ResNet is harder to train withrespect

to FNO and AFNO, which show promising results without much �netuning.

So, we decide to discard ResNet from future experiments, given our time and

resources budget.

As already explained in section 3.5.1, we start with a grid search during the

pre-training phase. The grid search is performed by runningN independent

concurrent jobs onN nodes in the MareNostrum 5 cluster. All training use

Adam as optimizer. The �rst parameter that we assess is the number of

layers. Once found the optimal number of layers, we perform asecond grid

search, aiming to see if the nets could bene�t from adding more parameters.
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Figure 3.7: Illustration of the �ne tuning phase. The NN is loaded with th e weights
found in the pre-training phase. Similarly to the pre-training ph ase, a true sample
X true (t) is given as an input of the NN, which predicts the following timestep
X pred(t + 1). This is then fed again to the model, which predicts X pred(t + 2). The
�nal loss used for backpropagation is the sum of the two lossesL 1,L 2 computed
in the intermediate steps.

To do so, we vary the dimensionality of the embedding space ofthe AFNO

and the number of latent channels in the spectral layers of FNO.Finally, we

run a full training with the best parameters found. In this phase we also test

some variations to the optimizer, changing� 1, applying weight decay, and

assessing Cosine Annealing scheduler for the learning rate.
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Figure 3.8: Illustration of the autoregressive inference. During this phase gradi-
ents are detached from the computational graph. The model is initialized with
X true (t = 0), then the model predicts the following timestep, which is used as
input for the successive prediction. In this way, the model is able to evolve the
system in a completely unsupervised way.
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Results

In this chapter we outline the results obtained during the development of

our AI-surrogate model aimed at accelerating HTS simulations. The models

presented vary on their complexity and on the di�culty of the task that they

are trained on, starting from a simple, light model that serve as starting point

and proof of concept, going to highly parameterized networks trained on the

whole dataset and many physical quantities. We end up with a model that

can evolve the magnetic �elds in a HTS wire autoregressively for around 4 to

5 steps in a coarse grid, corresponding to 200� 250 steps in the MAGNET,

but only for a subset of the test data.

Proof of concept

First of all, we want to assess if our approach is feasible. To do so, we select

a subset of the dataset and train an AFNO on that. The idea is that if the

AFNO shows promising results on a low-variance dataset, it means that a

more thorough study can be performed.

The subset is selected such that only the currenti 0 changes, while the

material-related parameters stay �xed. No hyper parameters�ne tuning

is performed, since we are interested in assessing the base performance of the

model.
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Fig. 4.1 shows the performance of the proof-of-concept experiment. We

saw empirically that, for many simulations, a characteristic time scale of the

evolution is � = 50 MAGNET timesteps. So, we believe that training will

be much easier if the net is trained on a coarse grid, learningto predict 50

timesteps ahead, instead of just 1. We start following this intuition, even

though, in the next section we try training on all the timesteps, to see if the

time resolution can be improved. The reconstructions on thevalidation set

are promising, however, when evaluated autoregressively,the model predic-

tion diverge quite quickly from the ground truth, as shown in�g. 4.2. This

suggests that model �ne-tuning is necessary. We are satis�ed with these

preliminary results, since they show that the task is feasible and it is worth

extending to the whole dataset.
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Figure 4.1: Pre-training results obtained with the AFNO model during the explo-
rative proof-of-concept phase. The model is fed with a solutionX true (t) and the
predicted X pred(t + 1) is shown in the central column. The left column shows the
true solution as computed by MAGNET, while on the right the pointwise d i�er-
ence is shown. All images share the same scale of colors.
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Figure 4.2: AFNO autoregressive evolution ofHx as found during the explorative
proof-of-concept phase, using a coarse grid. Each row is a di�erent time step
of the evolution. The �rst column shows the target simulation as performed by
MAGNET; the central column shows the predictions made by the NN; the last one
shows the pointwise di�erence between the two. We see that the AI predictions
quickly diverge from the ground truth. 58
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Training on a �ne-grained timescale leads to learning the identity

function

Given the promising results obtained with the toy model and data, we train

two NNs to evolve all 8 physical quantities (cfr. sec 3.2), witha time resolu-

tion of 1 timestep, on the whole dataset. We consider a FNO and anAFNO

architecture.

During the pre-training phase both FNO and AFNO seem to perform well,

however when evaluated autoregressively neither of the twoare able to evolve

the system. Our intuition is that the networks learned the identity function,

and not the di�erential operator. In fact, we already know that the time

scale of the problem is� � 50, making two subsequent timesteps practically

identical. A NN can reach very low MSE losses just by giving as an output

the very same input, that is, learning the identity function. To solve this

issue, we train the net on a much coarser time scale, with the aforementioned

timestep.

Coarser timescale leads to less data

To this end, we �lter the dataset, keeping only every 50th timestep. Also,

since we want the network to learn the evolution of the system, we select

only the simulations that contain more than 500 timesteps, in order to have

at least 10 training instances for each con�guration. The downside is that

we end up with a very limited dataset of 6554 simulations, accounting for

12; 877 total training instances, 1746 timesteps in the validation and 2336

timesteps in the test set. The training is very fast, both because the dataset

is small and because lighter models are enough, however these converge to

very high losses, which correspond to bad reconstructions.

Training on Hx only is an easier task

To counteract this issue, we decided to simplify the task andtrain the NNs

to evolve onlyHx , assuming that an easier task could be accomplished even

with less data. Indeed, we �nd that our best FNO and AFNO obtain good
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reconstructions in the pre-training phase and also are ableto evolve autore-

gressively some instances of the training set. However, bothmodels struggle

to generalize due to the limited amount of data. At this point, two possible

paths can be followed: creating more data from simulations,or using data

augmentation techniques. The �rst would be ideal, but due tothe limited

amount of time at our disposal, we decide to go for the second option.

Using all data on a coarse grid requires bigger models

Instead of using standard data augmentation techniques, like applying ran-

dom noise or masking the data, we start by exploiting the existing data that

we have. The former techniques are used to e�ectively createnew arti�cial

data instances by modifying the true original ones. However,since we already

have a large amount of true high �delity data, we decide to usethat �rst.

Moreover, these data is perfectly suited for our goal, sinceclose timesteps are

very similar to each other (and that is precisely the reason why we discarded

them in the �rst place, moving from a 1 timestep prediction toa coarser time

resolution of 50 timesteps).

During this stage we consider all the data in our original dataset that contain

at least 50 timesteps, and train the NNs to predict 50 timestepsahead. Even

though this is not a data augmentation techniquestricto sensu, it could be

interpreted as such, where we transform both the input and output data,

hoping that this will make the NN both generalize better and also more

stable during autoregressive inference.

However, this method comes with some drawbacks linked to timeand hard-

ware resources. Training with 50 times as much data requiresbigger models,

that need more GPUs and more time to train. We immediately see that

the networks used require more parameters then the ones trained on the

�ne grid, consolidating our intuition that the previously mentioned models

learned the identity function and not a proper evolution operator, which is a

more di�cult task that requires more training parameters. Also, for the way

webdataset deals with data, we need to load big batches during training, be-
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cause data is read sequentially. For example, a batch size of50 consists in all

timesteps ranging fromt = 1 to t = 50, but since we train the model to pre-

dict 50 timesteps ahead, this e�ectively translates in justone (input; target )

pair (there is no target fort = 2 and all the others). Thus, we decide to train

with a batch size of 200. However, given this batch size and thenecessity

for bigger models, 4 GPUs become necessary. This is not a problem per se,

even though the queuing time to access these resources on MareNostrum 5

becomes very large and impedes agile experimenting, takingmore than 40

hours to start. So, we perform experiments with the largest possible model

that �ts in 2 GPUs, which can be accessed with much lower queuing times

(almost immediately). These models are suboptimal, since we see empirically

that heavier models perform better during grid search.

Good results by learning Hx and Hy

The best results are obtained by training with two channels,corresponding to

the two non-zero components of the magnetic �eldHx and Hy. These models

are trained on a coarse time grid, predicting one step every 50 MAGNET

steps. No data augmentation is applied. We think that, in thiscase, training

is easier compared to using one channel only, probably becauseHy can be seen

as a 90 degree rotation ofHx , e�ectively behaving like a data augmentation

technique. Also, using two channels instead of eight makes the training easier,

since lighter models can be used. Moreover, having a model that predicts

the magnetic �eld is enough to compute all the other quantities analytically.

The con�guration of the best two models are reported in tables 4.1 and 4.2.

In �gures 4.3, 4.4, 4.8 and 4.9 you can see the performance of these models

in the test set. From �gure 4.7 you can see that lower losses are obtained

with FNO.

The best AFNO model we obtained has nearly 100 times fewer parameters

than the best FNO, leading to reduced performance in our experiments.

While we tested larger AFNO models, increasing the parameter count did

not yield substantial improvements. We attribute this to AFNO's lower

inductive bias compared to FNO, meaning it relies more on learning from
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data rather than leveraging built-in structural assumptions. This suggests

that AFNO could outperform FNO given su�cient training data, but u nder

limited data conditions, FNO's structured approach remains advantageous.

We also �nd that both model perform well only on some data, while in others

they almost completely mistake the evolution of the system,see �gures 4.3,

4.4, 4.8 and 4.9. We tried to �nd correlations between the simulation pa-

rameters and the model performance, however we have not found conclusive

results, which are left as future works. Lastly, in Figure 4.12, we quanti-

tatively assess how much the model diverges from the ground truth during

autoregressive evolution. We observe that the median MSE ofAFNO over

time is best approximated by a second-order polynomial, whereas for FNO,

a linear �t provides the best approximation. On one hand, this suggests that

FNO maintains better stability during autoregressive inference. On the other

hand, we �nd that FNO exhibits a much higher variance in its predictions,

indicating greater inconsistency across di�erent runs.

Architecture AFNO
Patch size [2, 2]
Embedding dimension 512
Depth 8
Number of blocks 2
MLP ratio 4.0
Learning rate 0.001
ADAM� 1 0.9
Weight decay 0.0
Cosine annealing True
Total number of parameters 21.6 M
Test loss 0.68
Mean time for one forward pass 0:515� 0:001s

Table 4.1: Hyper parameters of the best AFNO model, obtained with the methods
described in chapter 3

In tables 4.1 and 4.2 we report also the test loss and the average time to

perform one forward pass. As expected, both models are very fast during in-

ference. As a �gure of reference, on average one MAGNET timestep required
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Figure 4.3: AFNO autoregressive evolution of theHx component. Sample taken
from the test set. Simulation parameters are:Ec = 0 :0359, n = 27:2, i 0 = 330A.
Each row is a di�erent time step of the evolution. The �rst column sh ows the target
simulation as performed by MAGNET; the central column shows the predictions
made by the NN; the last column shows the point wise di�erence between the two.
The net is able to evolve the system for 4 timesteps, before degrading the output.
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Figure 4.4: AFNO autoregressive evolution of theHy component. Sample taken
from the test set. Simulation parameters are:Ec = 0 :0359, n = 27:2, i 0 = 330A.
Each row is a di�erent time step of the evolution. The �rst column sh ows the target
simulation as performed by MAGNET; the central column shows the predictions
made by the NN; the last one shows the point wise di�erence between the two.
The net is able to evolve the system for 4 timesteps, before degrading the output.
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Figure 4.5: Example of failure in AFNO autoregressive evolution,Hx component.
Sample taken from the test set. Simulation parameters are:Ec = 0 :0006, n =
21:7, i 0 = 200A. Each row is a di�erent time step of the evolution. The �rst
column shows the target simulation as performed by MAGNET; the centralcolumn
shows the predictions made by the NN; the last one shows the pointwisedi�erence
between the two. The net hallucinates immediately and predicts wrong solutions.
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Figure 4.6: Example of failure in AFNO autoregressive evolution,Hy component.
Sample taken from the test set. Simulation parameters are:Ec = 0 :0006, n =
21:7, i 0 = 200A. Each row is a di�erent time step of the evolution. The �rst
column shows the target simulation as performed by MAGNET; the centralcolumn
shows the predictions made by the NN; the last one shows the pointwisedi�erence
between the two. The net hallucinates immediately and predicts wrong solutions.
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Figure 4.7: Comparison of validation loss curves between the best two models. On
the x axis, the number of processed batches are shown; on the y axis the relative
MSE of the models. Despite having almost 100 times less parameters, AFNO has
slightly worse losses than FNO. Training is stopped when the validationloss does
not improve of 0:01 after 2 epochs.
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Figure 4.8: FNO autoregressive evolution of theHx component. Sample taken
from the test set. Simulation parameters are:Ec = 0 :0359, n = 27:2, i 0 = 330A.
Each row is a di�erent time step of the evolution. The �rst column sh ows the target
simulation as performed by MAGNET; the central column shows the predictions
made by the NN; the last one shows the pointwise di�erence between the two. The
net is able to evolve the system for almost 5 timesteps, before diverging signi�cantly
from the ground truth. Compared to AFNO, the output does not present noisy
features.
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Figure 4.9: FNO autoregressive evolution of theHy component. Sample taken
from the test set. Simulation parameters are:Ec = 0 :0359, n = 27:2, i 0 = 330A.
Each row is a di�erent time step of the evolution. The �rst column sh ows the target
simulation as performed by MAGNET; the central column shows the predictions
made by the NN; the last one shows the pointwise di�erence between the two. The
net is able to evolve the system for almost 5 timesteps, before diverging signi�cantly
from the ground truth. Compared to AFNO, the output does not present noisy
features. 69
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Figure 4.10: Example of failure in FNO autoregressive evolution,Hx component.
Sample taken from the test set. Simulation parameters are:Ec = 0 :0006, n =
21:7, i 0 = 200A. Each row is a di�erent time step of the evolution. The �rst
column shows the target simulation as performed by MAGNET; the centralcolumn
shows the predictions made by the NN; the last one shows the pointwisedi�erence
between the two. As in AFNO, the net hallucinates immediately and predicts
wrong solutions.
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Figure 4.11: Example of failure in FNO autoregressive evolution,Hy component.
Sample taken from the test set. Simulation parameters are:Ec = 0 :0006, n =
21:7, i 0 = 200A. Each row is a di�erent time step of the evolution. The �rst
column shows the target simulation as performed by MAGNET; the centralcolumn
shows the predictions made by the NN; the last one shows the pointwisedi�erence
between the two. The net hallucinates immediately and predicts wrong solutions.
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Figure 4.12: Time dependency of MSE during autoregressive inference. Compar-
ison between AFNO and FNO. The losses are evaluated on simulations of the
test set. The boxes extend from the �rst quartile to the third qu artile of the
data. The red line is the median. The whiskers extend from the box to the far-
thest data point lying within 1 :5x the inter-quartile range (IQR) from the box.
AFNO median values are best �t by a second-order polynomial, with coe�ci ents
0:08x2 � 0:26x + 0 :47. The FNO median values are best �t from a straight line,
with slope m = 0 :77 and intercept q = � 1:24. MSE grows faster in AFNO than
in FNO, however FNO presents greater outliers.
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Architecture FNO
Decoder layers 2
Decoder layer size 128
Latent channels 512
Number of FNO layers 8
Learning rate 0.0001
ADAM� 1 0.9
Weight decay 0.0
Cosine annealing True
Total number of parameters 2.1 B
Test loss 0.60
Mean time for one forward pass 0:256� 0:034s

Table 4.2: Hyper parameters of the best FNO model, obtained with the methods
described in chapter 3

2:652� 0:677s to compute. All these timings refer to the simulations in the

test set. However, these �gures have to be taken with a grain ofsalt, avoiding

to strike a direct comparison between the AI and the numericalsolver. In

fact, the NNs and MAGNET have a very di�erent degree of accuracy and

comparing the time performance of the two, without taking itinto account,

would be unfair. Moreover, the AI timing performance is measured from a

plain python script, which can be made faster using compiledcode. Nev-

ertheless, as will be discussed further in the next section,our results show

that an AI-accelerated approach to numerical simulations ispossible, with

AI models showing faster performance, sacri�cing accuracy in the long term.
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Conclusions and future works

In conclusion, informed by the recent advancements in deep learning and, in

particular, in its applications to science (SciML), we developed an AI surro-

gate model with the goal of accelerating numerical simulations of HTS. To

this end, we created a dataset composed of 9100 high-�delitysimulations with

MAGNET, a Maxwell's equations numerical solver. We exploited the hard-

ware resources of MareNostrum 5, the supercomputer at the Barcelona Su-

percomputing Center, to perform various tests on di�erent NNarchitectures,

assessing the performance of a neural operator (FNO) and its transformer-

like variant (AFNO). We saw that training struggles if the time resolution

is too �ne, and the NNs bene�t from coarser time scales that capture the

global time evolution of the system more easily. The �nal models obtained

are able to evolve the magnetic �eld of the system for about four to �ve

steps in this coarse grid, corresponding to 200-250 timesteps of the MAG-

NET simulations. However, our best networks are able to evolveonly some

of the con�gurations in the dataset, struggling to generalise to all the phys-

ical set-ups. Future work should investigate more deeply why this happens.

In any case, we showed that the approach is feasible and that further works

can be done to improve the AI models. In the methodology section we have

already outlined possible strategies to tackle the problem, for example by

using data augmentation techniques and heavier models. Also, a possible
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tentative can be done by implementing all the physical quantities produced

by MAGNET, in order to have specialised models that can �nd correlations

between the dissipated energy and the induced current, withthe magnetic

�eld values.

Even though our model is not precise enough to completely substitute a nu-

merical solver, it could be used as an integration to it, to make it converge

faster. In fact, given a solution at whatever timestept, our model is able

to predict with high accuracy the corresponding solution attime t + 1 in

the coarse grid. Such a model could be used e�ectively as initial guess for

time-parallelizing algorithms, as already attempted in literature [35]. More-

over, our model can be e�ectively chosen for time-constrained applications,

for example in the context of real-time simulation-based inference, as shown

in the original FNO paper [23]. Future work should focus on integrating

traditional physics-based methods with data-driven approaches to leverage

the strengths of both worlds. Additionally, engineers must weigh the bene-

�ts and limitations of numerical and AI-based methods, selecting the most

appropriate approach based on the speci�c requirements of their applications.

It is also important to highlight the limitations of the methodology followed in

this work. First of all, it is clear that a very big amount of data is necessary

to train these kinds of models, even on the very simple scenario that we

considered. As discussed in chapter 3.2.1, the creation of a high �delity

dataset requires not only a long time to create and plenty of computing

resources, but also a lot of storage, the latter being the biggest limitation

in the MareNostrum supercomputing facility. However, this should not be

considered when comparing the speed of a trained NN to that of anumerical

solver, as these are sunk costs.

Another limitation consists in the choice of the architectures. Both FNO

and AFNO take structured mesh as an input, while MAGNET solves the

Maxwell's equations on an unstructured grid. To use the two combined,

data had to be interpolated, causing possible artifacts in the input data and

losing the high-�delity information coming from numerical simulations. To
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overcome this issue, future works shall focus on graph-based networks.

Moreover, in our approach we treated time as an additional independent

variable with space. However, models that take into account the sequential

nature of time evolution could be used, for example Long Short-Term Mem-

ory networks (LSTMs) [36] or Neural ODEs [37], which could improve the

performance during autoregressive evolution.

Overall, this thesis provides a solid starting point for theintegration of nu-

merical solvers with AI surrogate models, in the context of HTSfor nuclear

fusion reactors. We assessed the challenges and limitations of this approach,

while also showing how future works can build on it to make these models

more precise and useful in practical applications.
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